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Unit 5 Syllabus Introduction

Analog Filter Design:[1, 2, 3, 4]

Slides are prepared to use in class room purpose, may be used as a
reference material

All the slides are prepared based on the reference material

Most of the figures/content used in this material are redrawn, some
of the figures/pictures are downloaded from the Internet.

This material is not for commercial purpose.

This material is prepared based on Digital Signal Processing for
ECE/TCE course as per Visvesvaraya Technological University (VTU)
syllabus (Karnataka State, India).
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Unit 5: Analog Filter Design:

PART - B-Unit 5: Analog Filter Design:

@ Characteristics of commonly used analog filters
@ Butterworth and Chebyshev filters

@ Analog to analog frequency transformations.
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IIR Filter Design Introduction

Magnitude Characteristic of filters

PRECUENCY, | ——

fox) Lava-posss Friter

fr) Paara-puis.

(o) Band-stap Feiter

Figure 1. Magnitude response of a LPF,HPF,BPF,BSF,
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IIR Filter Design Introduction

Magnitude Characteristic of lowpass filter

The magnitude response can be expressed as

1-6, <|HUQ) <1 for 0<Q<Q

Magnitude = { 0 < [H(Q) < o for 9] > Qs

|HaGi)|

Figure 2. Magnitude response of a LPF
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IIR Filter Design Introduction

@ H(Q) cannot have an infinitely sharp cutoff from passband to stopband, that is H(2)
cannot drop from unity to zero abruptly.

@ It is not necessary to insist that the magnitude be constant in the entire passband of the
filter. A small amount of ripple in the passband is usually tolerable.

@ The filter response may not be zero in the stopband, it may have small nonzero value or
ripple.

@ The transition of the frequency response from passband to stopband defines transition
band.

@ The passband is usually called bandwidth of the filter.

@ The width of transition band is Qs — Q) where Q, defines passband edge frequency and
Qs defines stopband edge frequency.

@ The magnitude of passband ripple is varies between the limits 1+ 6, where §,, is the ripple
in the passband

@ The ripple in the stopand of the filter is denoted as ¢,
Qp= Passband edge frequency in rad/second ;= Stopband edge frequency in rad/second

wp= Passband edge frequency in rad/sample ws= Stopband edge frequency in rad/sample
Ap= Gain at passband edge frequency As= Gain at stopband edge frequency

w Ws
Q,=22 d Q==
A A

where T = 1=

=£= Sampling frequency
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Butterworth Filter Design

Butterworth Filter Design

H.{i Figure 2
| Heti)| (Oppenheim & Schafer, 1989)

The magnitude frequency re-
sponse of Butterworth filter is a1

IHGR)? =

B {1 + (Qﬂ)m}

)
I
]
1
L
o Q. Q
Figure 3: Frequency response of
Butterworth low pass filter

Properties of butterworth filter
@ |Hn(jQ)|?la=0 = 1 for all N
[Hn(iQ)?|a=q. = 0.5 for all finite N
[Hv(Q)|la=q, = % = 0.707 20/og|H(jQ)||q = Qc = —3.01 dB
)

|Hn(j2)|? is a monotonically decreasing function of for Q

|Hn(j2)|? approaches to ideal response as the value of N increases

The filter is said to be normalized when cut-off frequency Q. = 1 rad/sec.

From normalized transfer function LPF, HPF, BPF BSF can be obtained by suitable
transformation to the normalized LPF specification.
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[HNGR)I? = Hy Q) Hn (=) = 7
[“(nﬁ) ]

For normalized Butterworth lowpass filter Q. =1

Hn Q) Hn(—jQ) = m
Lets:jQ:.Q:j—.
Hiy(s)H(—s) = —
1+ ()

The poles of are determined by equating the denominator to zero

2N
1+(f_) =0
J

s=(-1)2j
-1 can be written as &/™(2k*1) where k = 0,1... and j = &/™/2
(2k+1)
sc=€eT w72 k=0,1...2N—1
The poles are placed on a unit circle with radius unity and are placed at angles

sk, = 1/5%  k=0,1...2N — 1 when N is odd

1{ﬁ+% k=0,1...2N —1 when N is even
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Butterworth Filter Design
N=1 .- k=0,1 jQ

S-plane

Unit circle

Se=1/% ?/ \

N So
So=1/0, S =1m na

The poles lying on left half of s plane is

LHP of H,(s)

1 RHP of H,(-s)
1 1
Hi(s) = - - Figure 4: Poles of Hy(s)Hy(—
[T(s=s) (s—(s1)) (s+1) igure 4: Poles of Hi(s)H1(—s)
LHP
N=2 - k=0,1,2,3 N is Even
Sk=1/35 + kWW o
S-plane
50 — 1£’ 51 -1 377\' Unit circle, s,

52:1&, 53:1& >

The poles lying on left half of s plane is

LHP of H,(s)

1 1 RHP of H,(-s)
Hn(s) = T ls = T -Gl - (2)] Figure 5: Poles of Ha(s)Ha(—s)
1

[s — (=0.707 + j0.707)][s — (—0.707 — j0.707)]
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Butterworth Filter Design

1

[s 4+ 0.707 — j0.707][s + 0.707 + j0.707]
1
[s + 0.707]2 — [j0.707]?
1
s2 +20.707s + (0.707)% + (0.707)?
1

s2+1.414s+1

HQ(S) =

Determine the poles of lowpass Butterworth filter for N=3. Sketch the location of poles on s
plane and hence determine the normalized transfer function of lowpass filter.

Solution:
jQ
s S-plane
Unit circle, 2 S,
N=3 - k=0,1,2,3,4,5
N is Odd s Sy
Sc=1 % oo
— _ ™ _ 27
So = 140, 5171L, S =1 3 < s
53 = ].LTI’7 54 =1 f %’r, 55 =1 f %rr Left half poles of Hy(s) | Right half poles of H,(-s)

Figure 6: Poles of H3(s)Hs3(—s)
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Butterworth Filter Design

The poles lying on left half of s plane is

1 1
) = T s—e] ™ b= s (a)lls — ()
LHP
1
Ha(s) = T (C05 5 70.866)]5 — (—1)][s — (05— j0.866)]
1
= Ts+1][s+ 0.5 — j0.866][s + 0.5+ j0.866)]
1 1

[s + 1[(s + 0.5)2 — (j0.866)2]] (s +1)(s2+s+1)
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Butterworth Filter Design

The poles are distributed on unit circle in the s plane

They are distributed half on the left half plane and half on the right half plane.
1 1

[T (s—sk)  Bnl(s)

LHP

HN(S) =

Table 1: Normalized Butterworth Polynomial

Order N | Butterworth Polynomial
1| s+1
2 s24++2s+1
3| (s®+s+1)(s+1)
4 | (s%+0.76536s + 1)(s> + 1.84776s + 1)
5 | (s+1)(s®>+0.6180s + 1)(s? + 1.6180s + 1)
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Design of Lowpass Butterworth Filter
The transfer function of normalized Butterworth lowpass filter is given by
1 1
[T (s—s)  Bw(s)

LHP

Hn(s) =

where By(s) is nth order normalized Butterworth polynomial
The lowpass Butterworth filter has to meet the following frequency domain specifications

Kp < 20log|H(jQ2)| <0 for all 2 < Q,p
20log|H(jQ)| < Ks for all Q> Qs
K, =Attenuation at passband frequency €, in dB
Ks =Attenuation at stopband frequency Qs in dB

y
20log|H, (jo)|

o Gainin dB

N L

Q, Q

Figure 7: LPF specifications
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Butterworth Filter Design

The magnitude frequency response is

[1+ <%>2NF

Taking 20 log on both sides

IH(Q)| =

2N Lk
{&} =10 -1 (1)

c

Q=Qs and K = Ks

, 1 2N
20 log|H(jQ)| = 20 log | ————— Ks = —10 log H(g)
14 Q 2N 2 QC
L QC
_ 1
Q\2N] 2 Qg12N —Ks
= —20log 1+<Q—> ] [Qf =100 -1 (2)
(o}
[ Q\N Dividing Equation 1 by Equation
= —10 log 1+<S27) 5 g &q y Eq
(e}
2N Kb
Q=0,and K = K, {Qp} 10 -1
Qs 10%i -1

Kp = —10 log

1 (2)]
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Butterworth Filter Design

10710
2N log [—"} =1 —
Qs 10710
—K
log |:10 7125 —1]
N = 10 1(;7 -1
2log [Q—g]
where N is the order of the filter
The cutoff frequency Q¢ is
Q
Qc = - S
— 2N
(10#’ - 1)
OR o
S
Qc = <
2N
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Butterworth Filter Design

Design steps for Butterworth Lowpass Filter
From the given specifications
@ Determine the order of the Filter using

—Hp
log {101’35 1}
N = 10 10Q —1
2los [ 5]
@ Determine the cutoff frequency Q¢ using

QC:# OR Q¢ = 2

—Kp ﬁ —Ks ﬁ
(10T - 1> (10T - 1)

© Determine the transfer function of normalized Butterworth filter by
1 1
[T (s—sk)  Bu(s)

LHP

Hn(s) =

@ From analog lowpass to lowpass frequency transformation, find the desired transfer
function by substituting the following

Ha(s) = Hu(s)ls 2
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Butterworth Filter Design

Design an analog Butterworth low pass filter to meet the following specifications T=1 second

0.707 =

Solution:
Passband edge frequency wp = 0.37 rad/sample

Stopband edge frequency ws = 0.757 rad/sample
= % = 0.37 rad/second

= @ = 0.757 rad/second
2)=-13.97 dB,

Wp

Passband edge analog frequency Q, =

-

Stopband edge analog frequency Qs =
Kp=20log(0.707)=-3.01 dB, Ks=20log(0.
The order of the filter is

—Kp
log {mil]
1010 —1
2log [g—:]

log |: 13.07 }
10 10 —1

O’—‘

_ log [5]

< H(EY) < 1
= |H(e¥)| <02

0.3
2log [0.757;]
—1.38

= =1.7336 ~ 2

—0.796

~ 2 x(—0.398)

Dr. Manjunatha. P (JNNCE)

o
s
(4]
0

K, =-3.01dB

K, =-13.97dB

for 0 <w < 0.37
for 75m <w <7

3
20log|H, (jo)|

Figure 8: LPF specifications
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Butterworth Filter Design

For even N

H(sn) =[] !

k=1

where by = 2sin [%]

N 2
k=0=2-1
k=1
by = 2sin [ G517 | =1.4142
1
Hsp) = —
(sn) s2 + 1.4142s + 1
Q
QC - —ks : 1
(1010 — 1)1
2.3562
(10% — 1)%

= 1.0664 rad/sec

Dr. Manjunatha. P (JNNCE)

s2 4+ bes+1

OR
N=2 .. k=0,1,2,3 N is Even
k
Si=1/5 +
3
50:15%, S =1/
5 7
52:1{7", S3=1/%

The poles lying on left half of s plane

1 B 1
Ils—sl  [s— (s0lls — (s2)]
LHP

Hn(s) =

1

[s — (—0.707 + j0.707)][s — (—0.707 — j0.707)]
1

s2 4+ 1.4142s + 1

o

S-plane
Unit circle

S,

2
LHP of Hy(s) RHP of H,(-s)

Figure 9: Poles of Ha(sYH>(—5)
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Butterworth Filter Design

Unnomalized transfer function, H(s)

Ha(s) HZ(S)‘SHQ—SC

= Ha(s)ls— 067
1
QS—; +1.41425 +1
1
5241.4142Q.5+Q.2
02

Q2
s2 4 1.4142Qcs + Q.2
1.06442

52 4 1.4142 x 1.0644s + 1.06442
1.133

52 4+ 1.5047s + 1.133
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Butterworth Filter Design

Design an analog Butterworth low pass filter to meet the following specifications T=1 second

0.9

Solution:

Passband edge frequency wp = 0.357 rad/sample

Stopband edge frequency ws = 0.77 rad /sample
Passband edge analog frequency Q, =

1
Stopband edge analog frequency Qs =

1

<[H(EY) <1
|[H(e/*)| < 0.275;

ﬂ:O357'r

$:O77r:

for 0 < w < 0.357
for Tm <w<m

0.357 rad/second
0.77 rad/second

K,=20log(0.9)=-0.9151 dB, Ks;=20log(0.2)=-11.2133 dB,

The order of the filter is

—Kp
log 1025—1
N = 10710 —1
2Iog[ ]

100 asL
log { — 123 ]
10 10 —1

_ _log [51]

2log [00.375:]
-1.717
= =2.852~3
—0.602

~ 2 x(—0.301)

Dr. Manjunatha. P (JNNCE)
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)
2 | 2010g|H, (jo)|
3
o
0
K, =-0.915d|
K, =-11.213d|
Q, =1.0996 rad/sec € =2.1991 rad/sec

Figure 10: LPF specifications
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Butterworth Filter Design
For odd N=3

N—1 OR

1 N=3 .. k=0,1,2,3,4,5 N is Even

2
1
H =
(sn) (s+1) }:[1 s2+ bes+ 1

Se=1/% + &

where by = 2sin [(2k;A})“] So=1/%, Si=1/%F
N=3 52:1{57", S3=1/1
k= Ngl = 351 =1 The poles lying on left half of s plane
k=1
by = b1 = 2sin [(22;13)”]:1 Hys) = 1 B 1
VT Tl T b el - @
LHP
1 1
H(s, = —— = - -
(sn) (s+1)(s2+s+1) [s — (—0.707 + j0.707)][s — (—0.707 — j0.707)]
. 1
T 3428242541 .
jQ
~ o
Q. = 2 -
c - ke 1
(10730 — 1)20
SZ
= 2.2 = 22 LHP of Hy(s) RHP of H,(-s)
(10" —1)s 1515
—  1.45 rad/sec Figure 11: Poles of Ha(s)Ha(—s)
Dr. Manjunatha. P (JNNCE) UNIT - 5: Analog Filter Design
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Butterworth Filter Design

Unnomalized transfer function, H(s) and Q. = 1.45 rad/sec

1
Ha(s) = Hs(s)lsu g = m‘s%
= (g
_ 1
- 2
2y 2 +1
-~ 1
T $3420.52+2025+03
@
_ ?
T s34 2Q052 + 2025 + Q3
_ 1.45°
342X 1.455% +2 x 1.4525 + 1.453
3.048

53 +2.952 + 4.205s + 3.048
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Butterworth Filter Design

Design an analog Butterworth low pass filter to meet the following specifications T=1 second

08 = <|H(EY)|<1; for 0<w<02m
[H(e/“)] <0.2; for 32n <w <7

Solution:

Passband edge frequency wp = 0.27 rad/sample
Stopband edge frequency ws = 0.327 rad/sample

wp

Passband edge analog frequency Q, = =2 = 0'3% = 0.6283 rad/second
Stopband edge analog frequency Qs = % = 0'% = 1.0053 rad/second
Kp=20log(0.8)=-1.9 dB, Ks=20log(0.2)=-13.97 dB,

The order of the filter is

—Kp % 20log|H, (je)|
log |:10 71,35 _1] 8
N = 10 10 —1 0
- Qp K, =-1.9dB
2log o
1.9
log |:1013T°T*1:| 0.508 K, =-1397d8
= o 1 1 = g [T} ©, =0.6283 radl: 3—10053 dl >
2I0g [(l)gggg] 2 % (_0204) 2% rad/sec rad/sec
—1.641 Figure 12: LPF specifications
= =4.023~4 &
—0.408
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Butterworth Filter Design
For Even N=4

3 1
H(sn) = g bl

where by = 2sin [(2k—1)ﬂ]

2N

N=4
N _ 4
k = 7 =5= 2
k=1
by = by = 2sin [ 207 | =0.7654
k=2
by = by = 2sin [ U507 | =1.8478
1
H
(sn) (s 1 0.764s 1 1)(s2 + 1.8478s + 1)
1

s* +2.6118s3 + 3.4117s2 4 2.6118s + 1

Qs
ks
(100 —1)
1.0053 1.0053
3.97 =

(10710 — 1)% T 1.4873
= 0.676 rad/sec

I
g
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Butterworth Filter Design

Unnomalized transfer function, H(s) and Q. = 0.676 rad/sec

1
s* +2.6118s3 + 3.4117s2 + 2.6118s + 1

Ha(s) = Ha(s)lsm g =

= Hi()ls g

s

1
- +26118533+34117 2+261185+1
B 1
T s%42.6118Q53+3.41170252+2.6118035+Q4

ol
_ Q¢
T 54 426118053 + 3.411702s2 + 2.611803s + Q4
_ 0.676*
~ %4 1.7655s3 + 1.559s2 + 0.8068s + 0.2088

0.2088

s4 +1.7655s3 4 1.559s2 4 0.8068s + 0.2088
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Butterworth Filter Design

Design an analog Butterworth low pass filter which has -2 dB attenuation at frequency 20
rad/sec and at least -10 dB attenuation at 30 rad/sec.

Solution:

Passband edge analog frequency Qp, = 20 rad/second

Stopband edge analog frequency Qs = 30 rad/second

Kp=-2 dB, Ks=-10 dB,

The order of the filter is

—Kp E 20log|H, (jo)|
log {loil} 8
10 10 —1 0
N = Q, K, =—1.9dB
2008 [g]
10% 1
lo - K, =-13.97dB
i {10%71} = og [¥] 0.6283 rad/ Li 1.0053 rad >
- Q= rad/sec € = rad/sec
2log [2] 2 x (—0.176) * -
~1.1878 Figure 13: LPF specifications
= 2 _3374~4
—0.352
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Butterworth Filter Design

For Even N=4
NJ2
1
Hs) =] ——
(sn) g s2 + bysp + 1
where b, = 2sin [(2}(27\,1)”]
N=4
_ N _ 4 __
k=N_4%_>2
k=1
by = by = 2sin [ 207 | =0.7654
k=2
by = by = 2sin [ U507 | =1.8478
1
H =
(sn) (s + 0.764s + 1)(s2 + 1.8478s + 1)
1

s* +2.6118s3 + 3.4117s2 4 2.6118s + 1

Qs
—ks 1
(10 —1)2m
30 30
(10%8 _ 1)% 1.316
= 22.795 rad/sec

Q. =
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Butterworth Filter Design

Unnomalized transfer function, H(s) and Q¢ = 22.795 rad/sec

1

s+ 2.6118s3 + 3.4117s2 + 2.6118s + 1
1

94 +2.6118 5% +3.4117 52 +261185 +1

1

s442.6118Q,53+3.4117Q252+2.6118Q35+Q4
Q4
c

Ha(s) = H4(5)‘s~>ﬂ—55 = ls—

s
22.795

Qt
s% 4 2.6118Q.s3 +3.411702s2 + 2.6118Q3s + Q4
22.795%
s4 +59.53553 + 1772.76s2 + 30935.611s + 22.7954
22.795%
s4 +59.535s53 + 1772.76s2 + 30935.611s + 22.7954
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Problems Problems

A Butterworth low pass filter has to meet the following specifications
i) passband gain Kp =1 dB at Qp =4 rad/sec
ii) Stop band attenuation greater than or equal to 20 dB at Qs =8 rad/sec

Determine the transfer function Ha(s) of the lowest order Butterworth filter to meet the above
the specifications

Solution:

Qp=4 rad/sec, Q2s=8 rad/sec,

A
Kp=-1 dB, Ks=-20 dB, £ [ 20109/, (e
The order of the filter is 5
0
P d
1010 —1 K, =-1d8]
log |:10T0£
N =
2log [ K, =-20dB
: >0
log |:10% _1 O, =4radlsec O =8 rad/sec
— 1010 —1 Figure 14: LPF specifications
2log |

. Manjunatha. P (JNNCE)
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Problems Problems

Sk=1/6, k=0,1...2N -1
For odd N 6y is

7k
9k = W
jQ

S = 10=1/0= Unit circle s S-plane
S1 = 1/T =1/36°=0.809 +j0.588 5,
S, = 14?1: 1/72° = 0.309 + j0.951 Sy
S = 1/°F =1/108° = —0.300 + j0.951 o7
Sy = 1/%F =1/144° = —0.809 — j0.588 %
S5 = 1m=1/180°=—1 XS,
[ lﬁ — 1/216° = —0.809 — j0.588 Left half poles of H(s) | Right half poles of H(-s)
S, = 1&: 1/252° = —0.309 — j0.951
Ss = 1/%F =1/288° =0.309 — j0.951
So = 1/ =1/324° = —0.809 — j0.588
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Problems Problems

1
H5(S) =
LHPonly (S B Sk)
_ 1
(5= s3)(s—sa)(s — s5)(s — s6)(s — 7)

(s —0.309 4 0.951)(s +10.809 +,0.588)(s + 1)
(s + 0.809 — j0.588)(s + 0.309 + j0.951)
1
[(s — 0.309)2 + (0.951)2][(s + 0.809)2 + (0.588)2](s + 1)
1
[(s? 4+ 0.618s + 1)(s? + 1.618s + 1)(s + 1)
1
s5 4 3.2365% + 5.23653 + 5.23652 + 3.2365 + 1

Q
Qe=—""P  — 45784 rad/sec

—k,
(10 —1)2m

Ha(s) = Hs(s)[s— &

4.5787
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Problems Problems

g
1)
—
»
N

Il

HS(S)‘sﬁQ—SC
H5(5)‘s~>

Torer
1
(35787)° +3236(5 5757 )" +5.236(55757)*+
5.236( 52557 )° + 3-236(5557) + 1
2012.4

s% + 14.82s* 4 109.8s3 + 502.6s2 + 1422.36s + 2012.4

Verification

2012.4

(J2)°> + 14.82(jQ2)* 4 109.8(j2)3 + 502.6(j2)? + 1422.3(jQ) + 2012.4
2012.4
(14.82Q* — 502.6Q2 + 2012.4) + j(Q2° — 109.8Q3 + 1422.3Q)
2012.4

V/(14.82Q% — 502.6Q2 + 2012.4)2 + j(Q5 — 109.8Q3 + 1422.3Q)2
20 log|Ha(jQ)]a = —1dB
20 log|H:(jQ)|s = —24dB

Ha(jQ2)

|Ha(Q)[ =
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Analog Filter Design Chebyshev Filter Design

Chebyshev Filter Design
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Chebyshev Filter Design

The magnitude frequency response of Chebyshev filter is

1

IH(Q))2 = —[1+e2 = (%)]

Properties of Chebyshev filter

@ If Q), =1 rad/sec then it is called as type-1 normalized Chebyshev lowpass filter.
@ Hyn(jQ)Pla=o = 1 for all N
@ |H(jO)| =1 for odd N and |H(j0)| = \/11? for even N
@ The filter has uniform ripples in the passband and is monotonic outside the passband.
@ The sum of the number of maxima and minima in the passband equals the order of the
filter.
E “‘H(j(v)‘ § “‘H(jm)‘
e N S LAy
1 W 1.0 1 15
1+é° 1+
5, ~ s, ;
‘ N oo P~
Q. [o) o Q X o
(a) N Odd (b) N Even

Figure 15: Magnitude frequency response of LPF for Chebyshev
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Chebyshev Filter Design

Order of the Filter

Kp Gain or Magnitude at passband in normal value(without dB) for frequency Q,
Ks Gain or Magnitude at passband in normal value(without dB) for frequency Qs

1
_ (1/K?)-1]|2
cosh™ HO/K‘;)_J ]

—1{( Qs
cosh (pr)

Kp Gain or Magnitude at passband in dB for frequency €,
Ks Gain or Magnitude at passband in dB for frequency Qs

1

-1 100-1’%71]5
cosh [7
[ 10%-1Kp 1

—1( Qs
cosh (pr)

N

Ny =

—

Ny =

Chose the order of the filter N > N;
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Chebyshev Filter Design

Normalized Chebyshev lowpass filter transfer function

When N is Even When N is odd
N N-1
2 2
By By By
H(sp) = _— H =
(") ESZ+bk5+ck (sn) s+co‘£[152+bks+ck
@ where by = 2ypsin [%] cx = y,%, + cos? [%]
@ o=yn
; L , —1

[N

where € = [(l/Kg) —1]
When N is Even the values of parameter B, are evaluated using

1

H(sn)|s= E———
(sn)ls=o (1+€2)2

When N is odd the values of parameter B are evaluated using

H(sn)|s:0 =1
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Chebyshev Filter Design

Design steps for Chebyshev filter:

From the given specifications
@ Determine the order of the Filter
@ Determine the Normalized Chebyshev lowpass filter transfer function
© From analog lowpass to lowpass frequency transformation, find the desired transfer
function by substituting the following

H&'(S) = HN(S)‘Sﬁé

where Q¢ = Qp
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Chebyshev Filter Design

Jan 2013, June 2015: Design a Chebyshev IIR analog low pass filter that has -3.0 dB frequency
100 rad/sec and stopband attenuation 25 dB or grater for all radian frequencies past 250
rad/sec

Solution:

Passband ripple K,=-3.0 dB or in normal value is K, = 10%»/20 = 10—3/20 — 0.707
Stopband ripple Ks=25.0 dB  or in normal value is Ks = 10%:/20 = 10~ 25/20 = 0.056
Passband edge frequency =100 rad/sec Stopband edge frequency =250 rad/sec

1
S| [aK-1)?
cosh™! |:[(1/K§)1] :|

sTH
N = : (Q) é ‘ (JU)‘
cosh—1 [ &=
Q, IS D N o 7
1 | [(1/0.056%)—1 3 /l -
— . - .2
cosh [(1/0.7072)—1] Lre
= 250
cosh™! (100)
1 z); h
_ cosh™! [%} 2 cosh™1[17.8] N >0
" cosh—1(25) = cosh—1[2.5] & Q
_ 357 _ 2978 ~ 3 Figure 16: LPF specifications
1.566
N=3
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Chebyshev Filter Design

When N is odd By B,
H(sn) = X
s+c S2+bis+c
N—1
B 2 B
H(Sn)ierOc Hs2+bks+c 2 1
0 =1 k k e = [(1/K5)—1]?
1
_N—1 _ 3.1 _ = 1/0.707°) —1]2 =1
N=3 k=01 31_4 [(1/ ) —1]
r 1 _1
1 1+1%+1’v 1+1%+1 v
N 2 €2 € €2 €
r 1 _1
1 1+1%+13 1+1%+1 ;
T2 12 1 12 1
1 1 3 1 -3
S GOSN CI
1 1 _1 1
= 5 [[1-414+ 1]3 — [1.414 4 1] s] = 5[1.341 - 0.745] ~ 0.298

Co=yn=0298 k=1 by =2x yysin [@&;}\)’T]
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Chebyshev Filter Design

k=1
b =2 x 0.298sin [ G-107] = 0.208
k=2
B, B
H(sn) = —— X ———
s+ ¢ s2+ bis+ ¢
B B
_ 2 2 [ (2k=1)m H = 0 % !
i = ¥y cos” [ E () = 370208 * 2+ 0.2985 1 0.638
k=1 When N is odd the values of parameter By
5_1 are evaluated using
a = 0.2982 + cos? {( 5 ;ﬂ-]
. * H(sn)ls=0 =1
= 0088+ cos® [ 7]
6 BoB
1 2m H(sp) = —22% =
— 0088+ Jrcos(ﬁ)} () = 57298 x 0.838
= 0.088+ 0.75 =0.838 BoB1 = 0.25
By = B
B2 =0.25
By = v0.25 =0.5
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Chebyshev Filter Design

__bo « B:
s+0.298 52+ 0.298s + 0.838
0.25
s3 4+ 0.596s2 + 0.926s + 0.25
Unnomalized transfer function, H(s) and ©, = 100 rad/sec

H(sn)

H(sn) =

0.25 |
s3 + 0.59652 + 0.926s + 0.25 ° " @

Ha(s)

H3(5)‘s~>i =
= Hs(s s
3(5) s
0.25
3 2
5—,33 + 0.596572 + 0.926Qip +0.25
0.25
53+0.5969252+0.926025+0.2503
Q3
3
0.25 x Q3
s% 4 0.596Q,52 + 0.926Q22s + 0.25Q3
0.25 x 1003
s3 +0.596 x 100s2 + 0.926 x 1002s + 0.25 x 1003
0.25 x 1003
s3 + 59.652 + 9265 + 0.25 x 1003
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Chebyshev Filter Design

Design a Chebyshev IIR low pass filter that has to meet the following specifications
i) passband ripple <0.9151 dB and passband edge frequency 0.257 rad/sec
ii) Stopband attenuation >12.395 dB and Stopband edge frequency 0.57 rad/sec

Solution:

Passband ripple K,=0.9151 dB

or in normal value is K, = 10%»/20 = 10-9151/20 = 0.9
Stopband ripple Ks=12.395 dB

or in normal value is K5 = 10Ks/20 — 10—12:395/20 — g 24
Passband edge frequency 0.257=0.7854 rad/sec
Stopband edge frequency 0.57 =1.5708rad/sec

1
_ (1/K2)—-1|2
cosh IHu/K)l} }
(9
cosh 1<STP)
1
_ (1/0.24%)—112
cosh™ [[(1/092)1] }

coshT (1520)

Ny =

1
cosh™* [2554]2  cosh~1[8.35]  2.8118

cosh—1 (35708) " cosh—1[2]  1.3169

=2135~3

0.7854
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Chebyshev Filter Design

When N is odd
B B
H(sp) = —— x ———
s+c s?+ bxs+ ck
N—1
B 2 B
H(sn) = —~ H 2 :
s+c ;5 + bis + cx .
e = [(1/K3)—1]2
_ N—1 _ 3-1 __ 1
N=3k="7"=5 =1 = [(1/0.9%) —1]? = 0.4843

1

r 1 1 _1
1 ( LI 1) 2,1 : ( LI 1) 21 s
B 0.48432 0.4843 0.48432 0.4843

N |

[(5.2635) +2.064] 3 _ [(5.2635)% + 2.064] ’ﬂ

NI= N =

1
[[2.294 +2.064]3 — [2.294 + 2.064]*%} = 516334 — 0.6122] = 0.5107

Co=yn=05107 k=1 by =2x0.5107sin[Z17] = 05107
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Chebyshev Filter Design

ck = y3 + cos? [7(2‘(2_,\/1)#]

Hsn) = — 20 x B
S, =
k=1 " s+405107  s2+ 0.5107s + 1.0108
When N is odd the values of parameter By
& = 051072+ cos? {(2 — 1)W:| are evaluated using
2x3
H —o=1
= 051072 + cos? [f] (sn)ls=o0
6
1+ cos 2z
= 0.5107% + (U] BB
2 H(sn) = ———2—% = 1.9372ByB; = 1
= 0.2608 + 0.75 = 1.0108 0.5107 x 1.0108
Bo B
H(sn) = X ByB; = ———— = 0.5162
(sn) s4+c  s24 bes+ck 1.9372
By = By
B2 =0.5162
His) = — 22 x D
S, =
" 5405107 s2+ bis+c By = v/0.5162 = 0.7185
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Chebyshev Filter Design

_ By « B _ 0.7185 y 0.7185
5+ 0.5107  s2+40.5107s +1.0108 s+ 0.5107  s2 + 0.5107s + 1.0108
0.5162
53 4+1.0214s2 + 1.2716s + 0.5162

H(sn)

H(sn) =

Unnomalized transfer function, H(s) and €, = 0.7854 rad/sec

0.5162 |
s3 + 1.0214s2 + 1.2716s + 0.5162 ° %5
0.5162

+ 1.27169%) + 0.5162

Ha(s) = H3(S)\HQAPZ

_s3_ 2

0,3 + 1.0214sz

0.5162

53+1.0214Q,5%+1.2716Q2 s+Q3
o

Q3
s3 + 1.0214Q,s2 4 1.2716Q2s + Q3
0.5162 x 0.78543
s3 4+ 1.0214 x 0.7854s2 + 1.2716 x 0.78542s + 0.78543
0.250
s3 4 0.80229s2 + 0.7844s + 0.2501
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Chebyshev Filter Design

Design a Chebyshev IIR low pass filter that has to meet the following specifications
i) passband ripple <1.0 dB and passband edge frequency 1 rad/sec
ii) Stopband attenuation >15.0 dB and Stopband edge frequency 1.5 rad/sec

Solution:

Passband ripple K,=1.0 dB or in normal value is K, = 10K»/20 = 10—1/20 = 0.891
Stopband ripple Ks=15.0 dB or in normal value is Ks = 10Ks/20 = 10—15/20 — 0.177
Passband edge frequency =1 rad/sec Stopband edge frequency =1.5rad/sec

1
_ (1/K?)-1]|2
cosh™! H(l/K,?)—l} ]

cosh—1 (%;)

A ‘H (Jw)‘

=
Il
Gain

1 1 7%
cosh~1 [[(1/0'1772)—1] 2] N

[

(1/0.8912)—1

cosh—1 (%)

1 o, »
_ cosh™? [39]2 _ cosh~![11.0] L~ >0
N cosh—1(1.5)  cosh—1[1.5] @ &
_ 322 —30~14 Figure 17: LPF specifications

N=4
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Chebyshev Filter Design

When N is Even

B1 B>
H(sn) = X
N s24+bis+ca s+ bs+co
2
By
H(sp) = _
(sn) k1_12152+bks+ck
1
v e = [(1/K5)—1]2
N:4k:§:§:2 ) 1
= [(1/0.891%) —1]2 =0.51
1 _1
1 1 N 1 2 o1
YN = 5 ?+1 +E - ;4’1 +z

N |

(52 +1)%+ 1
0.512 0.51

-[(4.84)% + 1.96]% - [(4.84)% + 1.96] 7%}

1 i
- 0.512 0.51

NI= N =

1
[[2.2 1 1.96]% — 2.2+ 1.96]’%] — 5[1.428 - 0.7] ~ 0.364

Co=yn=0364 k=1 b =2x yysin|[Z2"]
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Chebyshev Filter Design

k=1

b =2 x 0.364sin [ G107 ] = 0.278
k=2
by =2 x 0.364sin [ 2207 — 0,672
ck =y} + cos? [7(227\/1)”]
k=2
k=1
2x2—-1
2 > [(2=1)r o = 0.364% 4 cos® {u}
a = 0.364° + cos {ﬁ] 2x4
3
_ 2 |37
= 0.132 + cos? [%] = 01324 cos [ 8 }
61
1+ cos(%F) — 0132 1+ cos(%g)
= 0132+ |——8&= A32+ 5

= 0.132+0.853 = 0.985
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Chebyshev Filter Design

B: B>
H(sn) = - X =
s?+bist+ca st+bstao
B B
H(sn) = 1 2

X
52 40.2785 + 0.985  s2 4 0.672s + 0.278

When N is odd the values of parameter By
are evaluated using

1 1

H(s, - = =0.89
(sn)le-o (1+e)1/2 ~ (1+0512)1/2
B:1 B
H(sp) = — 2 —0.89
0.985 x 0.278
B1B, = 0.244
B =B,
B2 =0.244
B; = v0.264 = 0.493
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Chebyshev Filter Design

B “ B> B 0.493 § 0.493
s2 4 0.2785+0.985 52+ 0.672s + 0.278  s2 +0.278s + 0.985  s2 + 0.672s + 0.278

H(sn) =

0.243
s4 +0.95s3 + 1.45s2 4 1.434s + 0.2738

H(sn) =

Unnomalized transfer function, H(s) and Q, = 1.0 rad/sec

0.243
s* +0.95s3 4 1.45s2 + 1.434s + 0.2738 lsa%
0.263
s* +0.95s3 4 1.45s2 + 1.434s + 0.2738

Ha(s)

H4(S)|s~>i =
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Chebyshev Filter Design

July 2014, Dec 2014 Design a Chebyshev IIR low pass filter that has to meet the following
specifications

i) passband ripple <2 dB and passband edge frequency 1 rad/sec

ii) Stopband attenuation >20 dB and Stopband edge frequency 1.3 rad/sec

Solution:

Passband ripple K,=2 dB

or in normal value is K, = 10K»/20 = 10-2/20 = 0.7943
Stopband ripple Ks=12.395 dB

or in normal value is Ks = 10Ks/20 — 10—20/20 — 0.1
Passband edge frequency 1 rad/sec

Stopband edge frequency 1.3 rad/sec

1
1| k-2
cosh IHu/m—l} }
—1( 9
cosh (Qp>
-1 (1/0.1%)—1 3
cosh [(1/0.79432)71]

cosh =" (53]

Ny =

_ cosh™? (20 ]5 _ cosh™'[13.00] _ 3.256 _ 435
cosh—1 (ﬁ) cosh—1[1.3] 0.756 -
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Chebyshev Filter Design

When N is odd
B B B
H(sn) = ——x ! x 2
s+ S2+bistca sS2+bs+o
N-1
By By
H(s"):ercongerkerck .
e = [(1/K3)—1]2
_ N—-1 _ 5-1 __ 1
N=5k="3" =25 =2 = [(1/0.7943%) —1]> = 0.7648
1 _1
- ! 1+1%+1N 1+1%+1 ’
WoT 5 €2 € €2 €
- 1 _1
1 ( 1 +1)%+ 1 ]° ( 1 +1>%+ 1 5
2 0.76482 0.7648 0.76482 0.7648
17T 1 L 1 -1
- = [(2.71)5 + 1.307] - [(2.71)3 + 1.307] }
21
1 1 1 1
= 3 [[1.646 +1.307]5 — [1.646 + 1.307] s} = 51241 - 0.805] ~ 0.218

Co=yn=0218 b =2x yysin[CR™ k=l by =2 x 0.218sin [ &2 ] = 0.134
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Chebyshev Filter Design

|; . 0.218sin [ “-07] = 0.352
Ck = y,%/ + cos? [(QZ;NMT] k=2
k=1 o = 0.2182 + cos? [%}
a = 02182+ cos? {( 5 l)ﬂ-} = 0.047 + cos® {31]
= 0047+ cos? [ ] I 6052(”137r )}

—  0.047 + 0.047 + 0.345 = 0.392

1 +cos(—g)
2

= 0.047 +0.904 = 0.951

B B B,

H(sn) = X X
s+c s24+bis+c  S2+bs+o
By B: B>

H(sn) =

X X
s+0.218 ~ s240.134s5 4+ 0.951  s2 + 0.352s + 0.392

When N is odd the values of parameter By are evaluated using

H(sn)ls=0 =1
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Chebyshev Filter Design

When N is odd the values of parameter By are evaluated using

H(sn)ls:O =1
BoB1Bs
H(s)) — —12.3B,B,By = 1
(n) = 5218 x 0.951 x 0.392 05152
BoBy1By — —— — 0.081
00102 — 123 = V.

Bo = By = B, Then B3 = 0.081 By = v/0.081 = 0.0813 = 0.432
0.432 y 0.432 “ 0.432
s+0.218 52+ 0.1345s+0.951  s2 + 0.352s + 0.392

0.081
s% + 0.7048s* + 1.496s3 + 0.689s2 + 0.456s + 0.081

H(sn) =

H(sn) =

Unnomalized transfer function, H(s) and Q, =1 rad/sec
Hence
0.081

H(sy) =
(sn) = 5770702857 7 1.49653 1 0.6805% 1 0.4565 1 0.081
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Chebyshev Filter Design

Dec 2014: Design A Chebyshev | low pass filter that has to meet the following specifications
i) passband ripple <2 dB and passband edge frequency 1 rad/sec
ii) Stopband attenuation >20 dB and Stopband edge frequency 1.3 rad/sec

Solution:

Qp=1 rad/sec, Qs=1.3 rad/sec,
K,=—2 dB, Ks=—20 dB,

1
Ky, =20 log | — | = -2
P g{v1+e2}
€=0.76478
5, =1 L 020567
P V1+e? ’
Ks = 20 logds = —20
8s=0.1
1-6,)2-1
d= %:0.077
521
Q 1
K== =_" =0.769
Q. 13

Dr. Manjunatha. P (JNNCE)
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Chebyshev Filter Design

1
1<1+\/1+e2>“’ 1<1+\/1+e2
a—= — —_— —_— _—
2 2

€

1
-N
) = 0.21830398

€

1
1 (1+\/1+62>N+1 <1+\/1+52
S 2 € 2

1
-N
> = 1.0235520
€

Q= b cos [(2k — 1) 5| = b cos [(2k ~ 1)1

ok = —a sin [(2k - 1)%] = —asin [(2k - 1)110]
where k =1,2,...2N ie, k=1,2,...10
The poles those are lie on left half of the s plane is

k Ok Qk
1 | -0.0674610 0.9734557
2 | -0.1766151 0.6016287
3 | -0.2183083 0
4 | -0.1766151 -0.6016287
5 | -0.0674610 -0.9734557
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Chebyshev Filter Design

KN KN

(5—s) (5—s1)(5—%2)(s—3)(s — s4)
LHPonly

H5(S)

Kn
(s + 0.067461 — j0.9734557)(s + 0.067461 + j0.9734557)
(s +0.1766151 — j0.6016287)(s + 0.1766151 + j0.6016287)(s + 0.2180383)

Kn
(s2 4 0.134922s + 0.95215)(s2 + 0.35323s + 0.393115)(s + 0.2183083)
Kn
s% 4 0.70646s% + 1.4995s3 + 0.6934s2 + 0.459349s + 0.08172
N is odd Ky = b,=0.08172

Ha(s) = 0.08172
s% +0.70646s5* + 1.4995s3 + 0.6934s2 + 0.459349s + 0.08172
Verification
HGQ) = 0.08172
(jQ)5 + 0.70646(jQ)* — 1.49(jQ)3 — 0.693(jQ2)2 + 0.4593(j2) + 0.08172
Q) = 0.08172
/(706494 — 69302 + .0817)2 + (25 — 1.49903 + .4593Q2)2
20 log|H.(jQ))1 = —24dB
20 log|H.(j2)[1.3 = —245dB
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Analog Filter Design Analog to analog frequency transformations

Analog to analog frequency transformations

Dr. Manjunatha. P (JNNCE) UNIT - 5: Analog Filter Design November 8, 2017 58 / 69



Analog Filter Design Analog to analog frequency transformations

Design steps for highpass filter:
From the given specifications

@ Determine stopband frequency of the normalized lowpass filter by Qs =

RIP

@ Determine the order of the Filter using

b
10710 —1
o {4}
N = 10 ; —1
215 [ 5]
© Determine the cutoff frequency Q¢ using

Qc=— "  ORQr=—

(10%5 - 1) <1o%§” - 1> -

@ Determine the transfer function of normalized Butterworth filter by
1 1
[T (s—sc)  Bun(s)

LHP

IS
g

HN(S) =

© From analog lowpass to high frequency transformation, find the desired transfer function
by substituting the following
Ha(s) = Hu(s)|__ a,

QcS
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Analog Filter Design Analog to analog frequency transformations

Design a Butterworth analog highpass filter that will meet the following specifications
i) Maximum passband attenuation gain 2 dB
ii) Passband edge frequency=200 rad/sec
iii) Minimum stopband attenuation =20 dB
iv) Stopband edge frequency=100 rad/sec

Determine the transfer function Ha(s) of the lowest order Butterworth filter to meet the above
the specifications

Solution:
£ 1 20100/, ()] £ [l o
0 K, = -2d
Ke =-2d|
K, =-20dB
K, =20 dBf-erreerenneesy i o
o oo Q) - 200 rad/sec e e R
. - Figure 20: normalized LPF
Figure 19: HPF specifications gure =
specifications
Qp 200 The order of the filter is
Qs = ="_—=2
Qs 100 _x
log {10 _12 1}
Qs =2 Q,=1 K
s P N = WO 1l 3704

Q
P
2log [Qs ]
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Analog Filter Design Analog to analog frequency transformations

For Even N=4

2 1
Hs) =] ——
(Sn) g $2 ¥ ka+ 1
where by = 2sin [(2k;A})“]
N=4
_ N _ 4 __
k=N_2%_>2
k=1
by = by = 2sin [ 207 | =0.7654
k=2
by = by = 2sin [ U507 | =1.8478
1
H
(sn) (s2 1 0.7654s + 1)(s? + 1.8478s 1 1)
1

s* +2.6118s3 + 3.4117s2 4 2.6118s + 1

Qs
—ks 1
(10710 —1)20
2 2
(10%3 _ 1)é 1.776
= 1.126 rad/sec

Q =
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Analog Filter Design Analog to analog frequency transformations

1
H =
a(s) (s? 1 0.7654s + 1)(s? + 1.8478s 1 1)
His) = Ho(9)_ no
- H
4(s)l;, 200
= Ha(s)l,_, 1162
S4

(s? 4+ 135.95s + 31548.86)(s* + 328.206s + 31548.86)

Verification
4
Hi(Q) = 2
[(34980.7521 — Q?) + j1431.1464Q]
[(34980.7521 — Q?) + j1431.1464Q]
Q4
[Ha(j)| =

V/[(34980.7521 — Q2)2 + (1431.1464Q)?]
V/[(34980.7521 — Q2)2 + (1431.1464Q)?]

20 log|Ha(j2)|a=200 -2 dB
20 /og|Ha(jQ)\Q:100 = —21.83 dB
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Design a Butterworth analog bandpass filter that will meet the following specifications
i) a-3.0103 dB upper and lower cutoff frequency of 50 Hz and 20 KHz

ii) a Stopband attenuation of atleast 20 dB at 20 Hz and 45 KHz and
iii) Monotonic frequency response.

Solution:
% 20log|H, (jo)|
o h20log|H, (jo)
o4+ 0
< K, =-2d
O]
KP
K, =-20dB .
/ \ i o
Q=1 Q=2
KS i ' .
; \ >0 Figure 22: normalized LPF
Q Q Q Q specifications
Figure 21: HPF specifications
-2+ QQ
A— |+ 8282, — 251
Q(Qu — )
Q1 = 2w x20=125.663rad/sec
Q = 27 x45x 10> = 2.827 x 10°rad/sec g —P2-2% _, .
Qu = 27 x20x 103 =1.257 x 10°rad/sec Q( — )
_ 3 _
Q; = 2w x50 x 10° = 314.159 X rad/sec Qs = Min[|Al, |B|] = 2.25
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Analog Filter Design Analog to analog frequency transformations
The order of the filter is

N = =283~3
QP
2/Og [YTS] Unit circle %
For odd N=3 s
(o
N—l
H(sn) = H .
" (s +1) s2+ bgs+ 1 s,
Left half poles of H,(s) | Right half poles of H,(-s)
where by = 2sin [ 2207 |
N=3
PRTS E 5
k=1 Ha(s) = Hs(s)|  2iqu
by = by = 2sin [(22;13)”] =1 S S,
= Hs3(s)|__ 2i3.009%107
1 = 5(1.2538 % 10°)
H - -
(sn) Gr1(2+s+1)
1

s3 425242541
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Analog to analog frequency transformations
Let H(s) = Tlsﬂ represent the transfer function of LPF with passband of 1 rad/sec. Use
frequency transformation to find the transfer functions of the following analog filters

i) A lowpass filter with a passband of 10 rad/sec

ii) A highpass filter with a cutoff frequency of 1 rad/sec

ii) A highpass filter with a cutoff frequency of 10 rad/sec

)

iv) A bandpass filter with a passband of 10 rad/sec and a center frequency of 100
rad/sed
v) A bandstop filter with a stopband of 2 rad/sec and a center frequency of 10
rad/sed
Solution: Lowpass to highpass transformation
1
H(s) = ————
(*) (s2+s+1)
Ha(s) = Hs(s)le g,
_ 1 _ 100
- 2 T2
(5)7+(5)+1  s°+10s+100
Lowpass to highpass transformation
10
Ha(s) = H3(5)\S_>é% =1
1 s?

(19)° 4 (1) 41 s?+10s+100
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Analog Filter Design Analog to analog frequency transformations
Lowpass to bandpass transformation

. s2 4+ Q.9 _ s—i—Qg
s(Q—9) s+B

where Qo = QUQ/ and Bo = QUQ/

Ha(s) = H(S)‘s*}52+10><104
10s

100s2
s% 4+ 10s3 + 2010052 4 10%4s + 108

Lowpass to bandstop transformation

S(Qu — Q/) o SB()
24+Q0,0 24+

I
)
—
”
N

I

H(s)l, 2s
s4+100
(s? + 100)?
s# + 253 4+ 204s2 + 200s + 104
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Analog Filter Design Analog to analog frequency transformations

Table 2: Comparison between Butterworth and Chebyshev Filter

Butterworth Filter

Chebyshev Filter

The magnitude frequency response is
montonically decreasing
The poles lie on a circle in the s plane

For a given frequency specifications
the number of poles are more

For a given order N the width of the
transition band is more

Only few parameters has to be calcu-
lated to determine the transfer func-
tion

The magnitude frequency response
has ripples in passband or stopband
The poles lie on an ellipse in the s
plane

For a given frequency specifications
the number of poles are less

For a given order N the width of the
transition band is less

A large number of parameters has to
be calculated to determine the transfer
function
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Analog Filter Design Analog to analog frequency transformations

Table 3: Comparison between IIR and FIR Filter

IIR Filter

FIR Filter

Linear characteristic cannot be
achieved

The impulse response cannot be di-
rectly converted to digital filter trans-
fer function

It is recursive filter and may be stable
or unstable

The specifications include the desired
characteristics for magnitude response
only

The design involves design of analog
filter and then transforming analog to

digital filter

Linear characteristic can be achieved

The impulse response can be di-
rectly converted to digital filter trans-
fer function

It may be recursive or non recursive
filter and recursive filter are stable
The specifications include the desired
characteristics for both magnitude and
phase response

The digital filter can be directly de-
signed to achieve the desired specifi-
cations.
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