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Introduction to Linear Block Codes Linear Block Codes

The output of an information source is a sequence of binary digits

“0" or “1"

Information sequence is segmented into message block of fixed length,
denoted by u.

Each message block consists of k information digits. There are a total
of 2k distinct message.

The encoder transforms each input message u into a binary n-tuple v
with n > k

This n-tuple v is referred to as the code word (or code vector) of the
message u.

U v
—> Encoder —>
Message block Code word
(kinfo digits) (ntuple, n>k)
(2 distinct message) (2~ distinct code word)

Figure: The encoder
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Message Codewords
(0000) (0000000)
(1000) (1101000)
(0100) (0110100)
(1100) (1011100
(0010) (1110010)
(1010) (0011010)
(0110) (1000110)
(1110) (0101110)
(0001) (1010001)
(1001) (0111001)
(0101) (1100101)
(1101) (0001101)
(0011) (0110011)
(1011) (1001011)
(0111) (0010111)
(1111) (1111111)

Manjunatha. P (JNNCE)

Linear Block Codes

September 21, 2013

8 /83



Introduction to Linear Block Codes Generator Matrix

@ Since an (n, k) linear code C is a k-dimensional subspace of the
vector space Vn of all the binary n tuple, it is possible to find k
linearly independent code word, go, g0, ...&k—1 in C

Manjunatha. P (JNNCE) Linear Block Codes September 21, 2013 9 /83



Introduction to Linear Block Codes Generator Matrix

@ Since an (n, k) linear code C is a k-dimensional subspace of the
vector space Vn of all the binary n tuple, it is possible to find k
linearly independent code word, go, g0, ...&k—1 in C

v = upgo + U181 + - . . Uk—18k—1 (1)

@ where iy =0orlfor0<i<k

Manjunatha. P (JNNCE) Linear Block Codes September 21, 2013 9 /83



Introduction to Linear Block Codes Generator Matrix

@ Since an (n, k) linear code C is a k-dimensional subspace of the
vector space Vn of all the binary n tuple, it is possible to find k
linearly independent code word, go, g0, ...&k—1 in C

v = upgo + U181 + - . . Uk—18k—1 (1)

@ where iy =0orlfor0<i<k

Let us arrange these k linearly independent code words as the rows of a
k x n matrix as follows:

Manjunatha. P (JNNCE) Linear Block Codes September 21, 2013 9 /83



Introduction to Linear Block Codes Generator Matrix

@ Since an (n, k) linear code C is a k-dimensional subspace of the
vector space Vn of all the binary n tuple, it is possible to find k
linearly independent code word, go, g0, ...&k—1 in C

v = upgo + U181 + - . . Uk—18k—1 (1)

@ where iy =0orlfor0<i<k

Let us arrange these k linearly independent code words as the rows of a
k x n matrix as follows:

80 8oo 8o1 802 ... 80,n—1
81 810 811 812 cor 81n-1
G=1| . |=]| " ’ 2)
8k—-1 8k-1,0 8k-1,1 8k-12 --- Bk-1,n-1

Manjunatha. P (JNNCE) Linear Block Codes September 21, 2013 9 /83



Introduction to Linear Block Codes Generator Matrix

@ Since an (n, k) linear code C is a k-dimensional subspace of the
vector space Vn of all the binary n tuple, it is possible to find k
linearly independent code word, go, g0, ...&k—1 in C

v = upgo + U181 + - . . Uk—18k—1 (1)

@ where iy =0orlfor0<i<k

Let us arrange these k linearly independent code words as the rows of a
k x n matrix as follows:

80 8oo 8o1 802 ... 80,n—1
81 810 811 812 cor 81n-1
G=1| . |=]| " ’ 2)
8k—-1 8k-1,0 8k-1,1 8k-12 --- Bk-1,n-1

where g; = (gio, &1, --8in—1)0 or 1 for 0 </ < k

Manjunatha. P (JNNCE) Linear Block Codes September 21, 2013 9 /83



Introduction to Linear Block Codes Generator Matrix

If u= (uo,u1,...,ux_1) is the message to be encoded, the corresponding
code word
&0
v:U.G:(uo, ui,..., Uk—l)- g:1 (3)
gk;l

V= upgo + U181+ ... Uk_18k-1

@ Because the rows of G generate the (n, k) linear code C, the matrix G
is called a generator matrix for C

@ Note that any k linearly independent code words of an (n, k) linear
code can be used to form a generator matrix for the code

o It follows from (3.3) that an (n, k) linear code is completely specified
by the k rows of a generator matrix G
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word, according to (3.3), would be
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c_|&|_|0o110100
o 1110010
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@ The (7, 4) linear code given in Table 3.1 has the following matrix as a
generator matrix

@ If u=(1101)is the message to be encoded, its corresponding code
word, according to (3.3), would be

g 1101000
c_|&|_|0o110100
o 1110010
gs 1010001

o If u=(1101) is the message to be encoded, its corresponding code
word, according to (3.3), would be

oev=1lgy+1g+0.g +1lg3

©=1(1101000)+1.(0110100)+0.(1110010)+1. (1010
001)

e=(0001101)
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Introduction to Linear Block Codes Generator Matrix

@ A desirable property for a linear block code is the systematic structure
of the code words as shown in Fig. 3.1
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of the code words as shown in Fig. 3.1

@ where a code word is divided into two parts.

@ The message part consists of k information digits.
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@ The message part consists of k information digits.
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Introduction to Linear Block Codes Generator Matrix

@ A desirable property for a linear block code is the systematic structure
of the code words as shown in Fig. 3.1

@ where a code word is divided into two parts.
@ The message part consists of k information digits.
@ The redundant checking part consists of n - k parity-check digits.

@ A linear block code with this structure is referred to as a linear
systematic block code.

Redundant checking part Message part

- -1t >t
n-k digits k digits

Figure: Systematic format of a codeword
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Introduction to Linear Block Codes Generator Matrix

A linear systematic (n, k) code is completely specified by a k x n matrix G
of the following form:
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Introduction to Linear Block Codes Generator Matrix

A linear systematic (n, k) code is completely specified by a k x n matrix G
of the following form:

P
81
G = 82
| 8k—1 |
P Matrix kxk Identity Matrix
[ poo por - Ponk-1 1 0 0 ... 0]
P10 pi1 .-~ Prak-1 0 1 ... 0
— P20 p21 -+ P2nk-1 0 0 1 ... 0 (4)
| Pk-10 Pk-11 --- Pk-1n—k-1 0 0 O ... 1 ]

where p; =0 or 1
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Introduction to Linear Block Codes Generator Matrix

o Let u= (up,u1,...,ux—1) be the message to be encoded.
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o Let u= (up,u1,...,ux—1) be the message to be encoded.

@ The corresponding code word is.
v=(vo,v1,...,Vo—1) = (o, u1,...,Uk-1) - G (5)
It follows from (4) (5) that the components of V are

Vn—k+i = Uj for 0<i<k (63)

Vj = uopoj + u1pij+ ..., Fuk—1pk—1,; for 0<j<n—k (6b) (6)

e Equation (6a) shows that the rightmost k digits of a code word v are
identical to the information digits ug, u1, ... ux_1 to be encoded
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Introduction to Linear Block Codes Generator Matrix

o Let u= (up,u1,...,ux—1) be the message to be encoded.
@ The corresponding code word is.
v=(vo,v1,...,Vo—1) = (o, u1,...,Uk-1) - G (5)
It follows from (4) (5) that the components of V are

Vn—k+i = Uj for 0<i<k (63)

Vi = ugpoj +uiprjt. .., FUk—1Pk—1 for 0<j<n—k (6b) (6)
e Equation (6a) shows that the rightmost k digits of a code word v are
identical to the information digits ug, u1, ... ux_1 to be encoded

e Equation (6b) shown that the leftmost n-k redundant digits are linear
sums of the information digits.
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Introduction to Linear Block Codes Generator Matrix

o Let u= (up,u1,...,ux—1) be the message to be encoded.

@ The corresponding code word is.
v=(vo,v1,...,Vo—1) = (o, u1,...,Uk-1) - G (5)
It follows from (4) (5) that the components of V are

Vn—k+i = Uj for 0<i<k (63)

Vj = uppoj + u1pyj+. .., +ux—1pxk—1j for 0<j<n—k (6b) (6)
e Equation (6a) shows that the rightmost k digits of a code word v are
identical to the information digits ug, u1, ... ux_1 to be encoded
e Equation (6b) shown that the leftmost n-k redundant digits are linear
sums of the information digits.

@ The n-k equations given by (6b) are called parity-check equations of
the code.
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Introduction to Linear Block Codes Generator Matrix

@ The matrix G given in example 3.1
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@ The matrix G given in example 3.1

o Let u = (up, u1, up, u3) be the message to be encoded.
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o Let u = (up, u1, up, u3) be the message to be encoded.

o Let v =(w,v1, v2, v3, va, v, V) be the corresponding code word.
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Introduction to Linear Block Codes Generator Matrix

@ The matrix G given in example 3.1
o Let u = (up, u1, up, u3) be the message to be encoded.

o Let v =(w,v1, v2, v3, va, v, V) be the corresponding code word.

Solution :
1101000
v:u~G:(u0, uy, Uy, U3). (1) i i 8 é (1) 8
1010001
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Introduction to Linear Block Codes Generator Matrix

@ The matrix G given in example 3.1
o Let u = (up, u1, up, u3) be the message to be encoded.

o Let v =(w,v1, v2, v3, va, v, V) be the corresponding code word.

Solution :
1101000
v:u~G:(u0, uy, Uy, U3). (1) i i 8 é (1) 8
1010001

By matrix multiplication, we obtain the following digits of the code word v
Ve = U3, V5 = Up, V4 = Uz, V3 = Up,Vo = U1 + Uz + U3, V1 = Ug + U1 + U2,
Vo = Ug + Uz + u3
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Introduction to Linear Block Codes Generator Matrix

@ The matrix G given in example 3.1
o Let u = (up, u1, up, u3) be the message to be encoded.

o Let v =(w,v1, v2, v3, va, v, V) be the corresponding code word.

Solution :
1101000
v:u~G:(u0, uy, Uy, U3). (1) i i 8 é (1) 8
1010001

By matrix multiplication, we obtain the following digits of the code word v
Vo = U3, V5 = U2, V4 = U2, V3 = Ug,Vo = U1 + U2 + U3, V1 = Ug + U1 + Uo,
Vo = Up + U2+ U3

The code word corresponding to the message (101 1)is (100101 1)
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Introduction to Linear Block Codes Parity-Check Matrix

@ For any k x n matrix G with k linearly independent rows, there exists
an (n-k)x n matrix H with n-k linearly independent rows such that any
vector in the row space of G is orthogonal to the rows of H and any
vector that is orthogonal to the rows of H is in the row space of G.
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an (n-k)x n matrix H with n-k linearly independent rows such that any
vector in the row space of G is orthogonal to the rows of H and any
vector that is orthogonal to the rows of H is in the row space of G.

@ An n-tuple v is a codeword in the code C generated by G if and only if

v-HT =0
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@ For any k x n matrix G with k linearly independent rows, there exists
an (n-k)x n matrix H with n-k linearly independent rows such that any
vector in the row space of G is orthogonal to the rows of H and any
vector that is orthogonal to the rows of H is in the row space of G.

@ An n-tuple v is a codeword in the code C generated by G if and only if

v-HT =0

@ This matrix H is called a parity-check matrix of the code.

@ The 2"~ linear combinations of the rows of matrix H form an (n,
n-k) linear code Cy4
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Introduction to Linear Block Codes Parity-Check Matrix

@ For any k x n matrix G with k linearly independent rows, there exists
an (n-k)x n matrix H with n-k linearly independent rows such that any
vector in the row space of G is orthogonal to the rows of H and any
vector that is orthogonal to the rows of H is in the row space of G.

@ An n-tuple v is a codeword in the code C generated by G if and only if

v-HT =0

@ This matrix H is called a parity-check matrix of the code.

@ The 2"~ linear combinations of the rows of matrix H form an (n,
n-k) linear code Cy4

@ This code is the null space of the (n, k) linear code C generated by
matrix G.

@ (4 is called the dual code of C
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(Pt Eliel (Yt
If the generator matrix of an (n,k) linear code is in the systematic form of
(3.4), the parity-check matrix may take the following form:
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(Pt Eliel (Yt
If the generator matrix of an (n,k) linear code is in the systematic form of
(3.4), the parity-check matrix may take the following form:

H=[l,_PT] =
1.0 0 ... 0  poo pro oo Pk-10 |
010 ...0 po1 p11 e Pk—1,1
001 ... 0 Po2 P12 B Pk—1,2 (7)
10 0 0 ... 1 pon—k-1 Pink-1 --- Pk—1,n—k-1 |
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If the generator matrix of an (n,k) linear code is in the systematic form of
(3.4), the parity-check matrix may take the following form:

H=[l,_PT] =
1.0 0 ... 0  poo pro oo Pk-10 |
010 ...0 po1 p11 e Pk—1,1
001 ... 0 Po2 P12 B Pk—1,2 (7)
10 0 0 ... 1 pon—k-1 Pink-1 --- Pk—1,n—k-1 |

o Let h; be the j row of H then inner product of the i*" row of G is
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(Pt Eliel (Yt
If the generator matrix of an (n,k) linear code is in the systematic form of
(3.4), the parity-check matrix may take the following form:

H=[l,_PT] =
1.0 0 ... 0  poo pro oo Pk-10 |
010 ...0 po1 p11 e Pk—1,1
001 ... 0 Po2 P12 B Pk—1,2 (7)
10 0 0 ... 1 pon—k-1 Pink-1 --- Pk—1,n—k-1 |

o Let h; be the j row of H then inner product of the i*" row of G is

gi-hj = pjj +pj =0

for0<i<kand0<j<n—k
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(Pt Eliel (Yt
If the generator matrix of an (n,k) linear code is in the systematic form of
(3.4), the parity-check matrix may take the following form:

H=[l,_PT] =
1.0 0 ... 0  poo pro oo Pk-10 |
010 ...0 po1 p11 e Pk—1,1
001 ... 0 Po2 P12 B Pk—1,2 (7)
10 0 0 ... 1 pon—k-1 Pink-1 --- Pk—1,n—k-1 |

o Let h; be the j row of H then inner product of the i*" row of G is

gi-hj = pjj +pj =0

for0<i<kand0<j<n—k

@ This implies that
G-H" =0
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Introduction to Linear Block Codes Parity-Check Matrix

o Let u= (up,u1,...ux_1) be the message to be encoded.
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@ In systematic form the corresponding code word would be
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Introduction to Linear Block Codes Parity-Check Matrix

o Let u= (up,u1,...ux_1) be the message to be encoded.
@ In systematic form the corresponding code word would be

v=_(vo,V1,. - Vn—1) = (Vo, V1, - Vn—k—1, U, UL, ... Uk_1)
@ Using the fact that v.HT =0, we obtain
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Introduction to Linear Block Codes Parity-Check Matrix

o Let u= (up,u1,...ux_1) be the message to be encoded.
@ In systematic form the corresponding code word would be

v=_(vo,V1,. - Vn—1) = (Vo, V1, - Vn—k—1, U, UL, ... Uk_1)
@ Using the fact that v.HT =0, we obtain

Vi + ugpoj + U1pyj - .. + Uk—1pPk—1j = 0 (8)
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Introduction to Linear Block Codes Parity-Check Matrix

Let u = (ug, u1, ... uk—1) be the message to be encoded.

In systematic form the corresponding code word would be
v=(v,V1,.- - Vn-1) = (V0, V1, ... Va—k—1, Up, U1, . . . Ug_1)
Using the fact that v.HT =0, we obtain

Vi + ugpoj + U1pyj - .. + Uk—1pPk—1j = 0 (8)

for0<j<n—k
Rearranging the equation of (8), we obtain the same parity-check
equations of (6b)
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Introduction to Linear Block Codes Parity-Check Matrix

Let u = (ug, u1, ... uk—1) be the message to be encoded.

In systematic form the corresponding code word would be
v=(v,V1,.- - Vn-1) = (V0, V1, ... Va—k—1, Up, U1, . . . Ug_1)
Using the fact that v.HT =0, we obtain

Vi + ugpoj + U1pyj - .. + Uk—1pPk—1j = 0 (8)

for0<j<n—k
Rearranging the equation of (8), we obtain the same parity-check
equations of (6b)

An (n, k) linear code is completely specified by its parity check
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Introduction to Linear Block Codes Parity-Check Matrix

T T
v.H" = (vo,vi, ... Vp—k—1, U0, U1, ... Ugk—1).H =0

1 0 0 0
0 1 0 . 0
0 1 . 0
HT = 0 0 0 1
Poo Po1 po2 ... Po,n—k—1
P10 P11 pi2 ... P1,n—k—-1
L Pk—1,0 Pk—11 Pk-12 -+ Pk—1n—k-1 ]
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Introduction to Linear Block Codes Parity-Check Matrix

T T
v.H" = (vo,vi, ... Vp—k—1, U0, U1, ... Ugk—1).H =0

1 0 0 0
0 1 0 . 0
0 1 . 0
HT = 0 0 0 ... 1
Poo Po1 po2 ... Po,n—k—1
P10 P11 pi2 ... P1,n—k-1
L Pk—1,0 Pk—11 Pk-12 -+ Pk—1n—k-1 ]
vo(1) + vi(1) + va—1(1) + wo(poo po1 --- Po,n—k—1)+
+ur(pro p11 p12- - - P1n—k—1) +u2(p20 P21 P22 - - - P2,n—k—1)
oo+ u—1(Pr—1,0 Pk—11- - - Pk—1,2 Pk—1,n—k—1) =0
Vj—|—Uopoj—i-ulplj...—i-uk,lpk,lj:0 for0<j<n—k

Manjunatha. P (JNNCE) Linear Block Codes September 21, 2013 19 / 83



Introduction to Linear Block Codes Parity-Check Matrix

o Consider the generator matrix of a (7,4) linear code given in example
3.1
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o Consider the generator matrix of a (7,4) linear code given in example
3.1

@ The corresponding parity-check matrix is
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Introduction to Linear Block Codes Parity-Check Matrix

o Consider the generator matrix of a (7,4) linear code given in example
3.1

@ The corresponding parity-check matrix is

I

I
o O
o= O
= O O
O = =
= = O
e
= O
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Introduction to Linear Block Codes Parity-Check Matrix

Ezample:
@ Take any code given in table.
e v.HT =0is
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Introduction to Linear Block Codes Parity-Check Matrix

Ezample:
@ Take any code given in table.
e v.HT =0is

100
010
001
(1101000). |1 1 0| =1(100)+1(010)+1(110)=(000)
011
111
10 1
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Introduction to Linear Block Codes Parity-Check Matrix

Summaries

@ For any (n, k) linear block code C, there exists a k n matrix G whose
row space given C.
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Summaries
@ For any (n, k) linear block code C, there exists a k n matrix G whose
row space given C.
@ There exist an (n - k) n matrix H such that an n-tuple v is a code
word in Cif and only if v- HT =0
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Summaries
@ For any (n, k) linear block code C, there exists a k n matrix G whose
row space given C.
@ There exist an (n - k) n matrix H such that an n-tuple v is a code
word in Cif and only if v- HT =0
o If G is of the form given by (4), then H may take formgiven by (7),
and vice versa
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Introduction to Linear Block Codes Encoding Circuit

@ Based on the equation of (3.6a) and (3.6b), the encoding circuit for
an (n, k) linear systematic code can be implemented easily.
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Introduction to Linear Block Codes Encoding Circuit

@ Based on the equation of (3.6a) and (3.6b), the encoding circuit for
an (n, k) linear systematic code can be implemented easily.

@ The encoding circuit is shown in Fig. 3.2
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Introduction to Linear Block Codes Encoding Circuit

@ Based on the equation of (3.6a) and (3.6b), the encoding circuit for
an (n, k) linear systematic code can be implemented easily.

@ The encoding circuit is shown in Fig. 3.2

@ The complexity of the encoding circuit is linear proportional to the
block length.
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Introduction to Linear Block Codes Encoding Circuit

@ Based on the equation of (3.6a) and (3.6b), the encoding circuit for
an (n, k) linear systematic code can be implemented easily.

@ The encoding circuit is shown in Fig. 3.2

@ The complexity of the encoding circuit is linear proportional to the
block length.

@ The encoding circuit for the (7,4) code given in Table 3.1 is shown in
Fig 3.3
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Introduction to Linear Block Codes Encoding Circuit

Based on the equation of (3.6a) and (3.6b), the encoding circuit for
an (n, k) linear systematic code can be implemented easily.

The encoding circuit is shown in Fig. 3.2

The complexity of the encoding circuit is linear proportional to the
block length.

@ The encoding circuit for the (7,4) code given in Table 3.1 is shown in
Fig 3.3

Denotes a shift register stage (flip-flop)

—{ 0 |
Q Denotes a connection if P=1 and
no connection if PU:O

Denotes a modulo-2 adder
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Vn—k4+i = Uj for 0<i<k
Vj = uppoj + u1p1j + ..., +ug_1pk—1; for 0<j<n—k

To Channel

»

Input U Message register

B M M A A

To Channel

Parity register

Figure: The encoding circuit for a liner system (n,k) code
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£reeis Cian
The encoding circuit for a liner system (n,k) code
V6 = U3, V5 = U2, V4 = U2, V3 = Up,V2 = U1 + U2 + U3, Vi = Up + U1 + U2,
Vo = Up + U2 + U3

Message register

Input U

}»

A To Channel

Parity register

Figure: The encoding circuit for the (7,4)systematic code
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Syndrome and Error Detection Syndrome and Error Detection

Syndrome and Error Detection
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Syndrome and Error Detection Syndrome and Error Detection

e v=(vw,wvw,...,Vp—1) be a codeword transmitted over a noisy
channel.
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Syndrome and Error Detection Syndrome and Error Detection

e v=(vw,wvw,...,Vp—1) be a codeword transmitted over a noisy
channel.
e Let r =(ro,r1,...,rn—1) be the received vector.
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Syndrome and Error Detection Syndrome and Error Detection

e v=(vw,wvw,...,Vp—1) be a codeword transmitted over a noisy
channel.
e Let r =(ro,r1,...,rn—1) be the received vector.

e:r—’_V:(eanla"'aen—l) (9)

@ e =1forri£viore =0forr=v;
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Syndrome and Error Detection Syndrome and Error Detection

e v=(vw,wvw,...,Vp—1) be a codeword transmitted over a noisy
channel.
e Let r =(ro,r1,...,rn—1) be the received vector.
e=r+v=_e,e1,.-.,n-1) (9)

@ e =1forri£viore =0forr=v;
@ The n-tuple e is called the error vector (or error pattern)
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Syndrome and Error Detection Syndrome and Error Detection

e v=(vw,wvw,...,Vp—1) be a codeword transmitted over a noisy
channel.
e Let r =(ro,r1,...,rn—1) be the received vector.

e:r+V:(607ela"'7en—l) (9)

eg=1forri#viore=0forr =y

The n-tuple e is called the error vector (or error pattern)

Received vector r is the vector sum of transmitted codeword and the
error vector

r=v-+e

@ The decoder first determine whether r contains errors.
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Syndrome and Error Detection Syndrome and Error Detection

e v=(vw,wvw,...,Vp—1) be a codeword transmitted over a noisy
channel.
e Let r =(ro,r1,...,rn—1) be the received vector.

e:r+V:(607ela"'7en—l) (9)

eg=1forri#viore=0forr =y

The n-tuple e is called the error vector (or error pattern)

Received vector r is the vector sum of transmitted codeword and the
error vector

r=v-+e

@ The decoder first determine whether r contains errors.
o If errors are detected, correct errors (FEC) or Request for a
retransmission of v (ARQ).

Manjunatha. P (JNNCE) Linear Block Codes September 21, 2013 27 / 83




Syndrome and Error Detection Syndrome and Error Detection

@ When r is received, the decoder computes the following (n-k)-tuple:

S:r'HT:(So,Sl,...,Sn,kfl) (10)
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Syndrome and Error Detection Syndrome and Error Detection

@ When r is received, the decoder computes the following (n-k)-tuple:

5:r'HT:(So,Sl,...,Sn,k,l) (10)

@ which is called the syndrome of r

@ s=0if and only if r is a code word and receiver accepts r as the
transmitted code word
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Syndrome and Error Detection Syndrome and Error Detection

@ When r is received, the decoder computes the following (n-k)-tuple:

5:r'HT:(So,Sl,...,Sn,k,l) (10)

@ which is called the syndrome of r

@ s=0if and only if r is a code word and receiver accepts r as the
transmitted code word

@ s # 0if and only if r is not a code word and the presence of errors has
been detected
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Syndrome and Error Detection Syndrome and Error Detection

@ When r is received, the decoder computes the following (n-k)-tuple:

5:r'HT:(So.Sl,...,Sn,k,l) (10)

@ which is called the syndrome of r

@ s =0 if and only if r is a code word and receiver accepts r as the
transmitted code word

@ s # 0if and only if r is not a code word and the presence of errors has
been detected

@ When the error pattern e is identical to a nonzero code word (i.e., r
contain errors but s = r- H' = 0), error patterns of this kind are
called undetectable error patterns
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Syndrome and Error Detection Syndrome and Error Detection

@ When r is received, the decoder computes the following (n-k)-tuple:

5:r'HT:(So.Sl,...,Sn,k,l) (10)

@ which is called the syndrome of r

@ s =0 if and only if r is a code word and receiver accepts r as the
transmitted code word

@ s # 0if and only if r is not a code word and the presence of errors has
been detected

@ When the error pattern e is identical to a nonzero code word (i.e., r
contain errors but s = r- H' = 0), error patterns of this kind are
called undetectable error patterns

2k—1

@ Since there are 25~1 nonzero code words, there are undetectable

error patterns
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Syndrome and Error Detection Syndrome and Error Detection

1 0 0 0
1 0 0
0 1 0
S=(ro,r1,... tn1).H = 0 0 0 ... 1
Poo Po1 pPo2 ... Po,n—k—1
P10 P11 p12 ... P1,n—k—1
| Pk—1,0 Pk-1,1 Pk-12 --- Pk—1,n—k—1 |

@ Based on Equation 10, the syndrome digits are as follows:
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Syndrome and Error Detection Syndrome and Error Detection

1 0 0 0
1 0 0
0 1 0
S=(ro,r1,... tn1).H = 0 0 0 ... 1
Poo Po1 pPo2 ... Po,n—k—1
P10 P11 p12 ... P1,n—k—1
| Pk—1,0 Pk-1,1 Pk-12 --- Pk—1,n—k—1 |

@ Based on Equation 10, the syndrome digits are as follows:
S0 = fo + rn—kPoo + rn—k+1P10 + ... + rn—1Pk—1,0
S1 =1+ fp—kPo1 + r—k+1P11 + ...+ F—1Pk—1,1

Sn—k—1 = rn—k—1 1 rn—kPO,n—k—1--- + rn—1Pk—1,n—k-1 (11
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Syndrome and Error Detection Syndrome and Error Detection

@ The syndrome s is the vector sum of the received parity digits
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Syndrome and Error Detection Syndrome and Error Detection

@ The syndrome s is the vector sum of the received parity digits
(ro, 1, ..., m—k—1) and the parity-check digits recomputed from the
received information digits (rn—k, fn—k+1-- -5 n1)

@ A general syndrome circuit is shown in Fig. 5

B e M s

Figure: Syndrome circuit for a liner system (n,k) code
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Syndrome and Error Detection Syndrome and Error Detection
Example 3.4

@ The parity-check matrix is given in example 3.3
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Syiliae e Eiiey Deiasies
Example 3.4
@ The parity-check matrix is given in example 3.3

e Let r = (ro,r1, 1, 3,12, 15, r6) be the received vector
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Syndrome and Error Detection Syndrome and Error Detection
Example 3.4

@ The parity-check matrix is given in example 3.3
e Let r = (ro,r1, 1, 3,12, 15, r6) be the received vector

@ The syndrome is given by
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Syiliae e Eiiey Deiasies
Example 3.4
@ The parity-check matrix is given in example 3.3
e Let r = (ro,r1, 1, 3,12, 15, r6) be the received vector

@ The syndrome is given by

S =(s0,51,5) = (ro,r,r2, 13,14, 5, 16) -

= O, OORK
O L KR ORKRO
= = = O OO

@ Spg=rn+tmr+mrt+r
esi=n+nt+n+r
@S =rn+mntr+r
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Syndrome and Error Detection Syndrome and Error Detection

@ Sg=rn+tmr+mrt+r
n+mn+nt+r
@ Ss=rnt+nnt+r+r

@ 51

@ The syndrome circuit for this code is shown below

—>|r|—>|r3|-|—>|r4|-—>|r5|——>|r5|—

Figure: Syndrome circuit for a liner system (n,k) code
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Syndrome and Error Detection Syndrome and Error Detection

@ Since r is the vector sum of v and e, it follows from (3.10) that
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Syndrome and Error Detection Syndrome and Error Detection

@ Since r is the vector sum of v and e, it follows from (3.10) that

s=rH =(v+e)H =v.H +eHT
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Syndrome and Error Detection Syndrome and Error Detection

@ Since r is the vector sum of v and e, it follows from (3.10) that

s=rH =(v+e)H =v.H +eHT

v.HT =0

@ The relation between the syndrome and the error pattern is:
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Syndrome and Error Detection Syndrome and Error Detection

@ Since r is the vector sum of v and e, it follows from (3.10) that

s=rH =(v+e)H =v.H +eHT

v.HT =0
@ The relation between the syndrome and the error pattern is:

s=eHT (12)
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Syndrome and Error Detection Syndrome and Error Detection

@ Since r is the vector sum of v and e, it follows from (3.10) that

s=rH =(v+e)H =v.H +eHT

v.HT =0

@ The relation between the syndrome and the error pattern is:

s=eHT (12)

o If the parity-check matrix H is expressed in the systematic form as
given by (3.7), multiplying out e.HT vyield the following linear
relationship between the syndrome digits and the error digits:
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Syndrome and Error Detection Syndrome and Error Detection

@ Since r is the vector sum of v and e, it follows from (3.10) that

s=rH =(v+e)H =v.H +eHT

v.HT =0

@ The relation between the syndrome and the error pattern is:

s=eHT (12)

o If the parity-check matrix H is expressed in the systematic form as
given by (3.7), multiplying out e.HT vyield the following linear
relationship between the syndrome digits and the error digits:

S0 = €0 + en—kP0o0 + €n—k+1P10 + - - -+ E€n—1Pk—1,0
S1 = €1 + en—kPo1 + €n—k+1P11 + .+ €n—1Pk—1,1

Sn—k—1 = €n—k—1 + €n—kPO,n—k—1-- -+ €n—1Pk—1,n—k—1 (1392
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Syndrome and Error Detection Syndrome and Error Detection

@ The syndrome digits are linear combinations of the error digits
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Syndrome and Error Detection Syndrome and Error Detection

@ The syndrome digits are linear combinations of the error digits

@ The syndrome digits can be used for error correction
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Syndrome and Error Detection Syndrome and Error Detection

@ The syndrome digits are linear combinations of the error digits
@ The syndrome digits can be used for error correction

@ Because the n-k linear equations of (3.13) do not have a unique
solution but have 2% solutions
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Syndrome and Error Detection Syndrome and Error Detection

The syndrome digits are linear combinations of the error digits

The syndrome digits can be used for error correction

Because the n-k linear equations of (3.13) do not have a unique
solution but have 2% solutions

@ There are 2¥ error pattern that result in the same syndrome, and the
true error pattern e is one of them

Manjunatha. P (JNNCE) Linear Block Codes September 21, 2013 34 /83



Syndrome and Error Detection Syndrome and Error Detection

@ The syndrome digits are linear combinations of the error digits
@ The syndrome digits can be used for error correction

@ Because the n-k linear equations of (3.13) do not have a unique
solution but have 2% solutions

@ There are 2¥ error pattern that result in the same syndrome, and the
true error pattern e is one of them

@ The decoder has to determine the true error vector from a set of 2k
candidates
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Syndrome and Error Detection Syndrome and Error Detection

@ The syndrome digits are linear combinations of the error digits
@ The syndrome digits can be used for error correction

@ Because the n-k linear equations of (3.13) do not have a unique
solution but have 2% solutions

@ There are 2¥ error pattern that result in the same syndrome, and the
true error pattern e is one of them

@ The decoder has to determine the true error vector from a set of 2%
candidates

@ To minimize the probability of a decoding error, the most probable
error pattern that satisfies the equations of (3.13) is chosen as the
true error vector
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Synane £t e DEiEE
e Consider the code C(5,2) with the parity check matrix
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Syndrome and Error Detection Syndrome and Error Detection

e Consider the code C(5,2) with the parity check matrix

10011
H=({01 011
00110
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Synane £t e DEiEE
e Consider the code C(5,2) with the parity check matrix

10011
H=({01 011
00110

o Let v=(0 0 11 1) be the transmitted codeword over BSC and
r=(10111) be received vector.
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Synane £t e DEiEE
e Consider the code C(5,2) with the parity check matrix

10011
H=({01 011
00110

o Let v=(0 0 11 1) be the transmitted codeword over BSC and
r=(10111) be received vector.

@ The problem is to find the digits of an error pattern
e = (eo, €1, €, €3, e4) Compute the syndrome S = (s, s1, 5») of
r=(10111)
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Synane £t e DEiEE
e Consider the code C(5,2) with the parity check matrix

10011
H=({01 011
00110

o Let v=(0 0 11 1) be the transmitted codeword over BSC and
r=(10111) be received vector.

@ The problem is to find the digits of an error pattern
e = (eo, €1, €, €3, e4) Compute the syndrome S = (s, s1, 5») of
r=(10111)

s=rH =(10111) =(100)

= = O O
R R OO
o~ OO
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Synane £t e DEiEE
e Consider the code C(5,2) with the parity check matrix

10011
H=({01 011
00110

o Let v=(0 0 11 1) be the transmitted codeword over BSC and
r=(10111) be received vector.

@ The problem is to find the digits of an error pattern
e = (eo, €1, €, €3, e4) Compute the syndrome S = (s, s1, 5») of
r=(10111)

s=rH =(10111) =(100)

= = O O
R R OO
o~ OO
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Syndrome and Error Detection Syndrome and Error Detection

@ Solve the system for e = (ep, €1, €2, €3, €4) with s=(1 0 0) as
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Syndrome and Error Detection Syndrome and Error Detection

@ Solve the system for e = (ep, €1, €2, €3, €4) with s=(1 0 0) as

€0
10011 e 1
Hel'=s"= 010 1 1 e | =10
00110 e 0

€4
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Syndrome and Error Detection Syndrome and Error Detection

@ Solve the system for e = (ep, €1, €2, €3, €4) with s=(1 0 0) as

€0
1 0011 €1 1
He"=s"=|010 11 e | =10
00110 €3 0
€4
e +tet+e =
e1t+es+e = 0
e+e =
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Syndrome and Error Detection Syndrome and Error Detection

@ Solve the system for e = (ep, €1, €2, €3, €4) with s=(1 0 0) as

€0
1 0011 €1 1
He"=s"=|010 11 e | =10
00110 €3 0
€4
e +tet+e =
e1t+es+e = 0
e+e =

@ There are 22 = 4 error patterns that satisfy the above system
depending on e3e4=00 or 01 or 10 or 11, they are (1 0 0 0 0),
(01001),(01110)(10111)
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Syndrome and Error Detection Syndrome and Error Detection

@ Solve the system for e = (ep, €1, €2, €3, €4) with s=(1 0 0) as

€0
1 0011 €1 1
He"=s"=|010 11 e | =10
00110 €3 0
€4
e +tet+e =
e1t+es+e = 0
e+e =

@ There are 22 = 4 error patterns that satisfy the above system
depending on e3e4=00 or 01 or 10 or 11, they are (1 0 0 0 0),
(01001),(01110)(10111)
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Syndrome and Error Detection Syndrome and Error Detection

@ Now, since the channel is Binary Symmetric Channel (BSC), Then
the most probable error pattern that satisfies the system above is
e=(1 0 0 0 0) which has the smallest number of nonzero digits.

@ The receiver decodes the received word r=(1 0 1 1 1) into the
following codeword v¥=r+e=(10111)+(10000)=(00111)
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Syndrome and Error Detection Syndrome and Error Detection

@ Now, since the channel is Binary Symmetric Channel (BSC), Then
the most probable error pattern that satisfies the system above is
e=(1 0 0 0 0) which has the smallest number of nonzero digits.

@ The receiver decodes the received word r=(1 0 1 1 1) into the
following codeword v¥=r+e=(10111)+(10000)=(00111)

@ We see that the receiver has made a correct decoding.
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Syndrome and Error Detection Syndrome and Error Detection

e We consider the (7,4) code whose parity-check matrix is given in
example 3.3
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Syndrome and Error Detection Syndrome and Error Detection

e We consider the (7,4) code whose parity-check matrix is given in
example 3.3
@ Letv=(1001011) be the transmitted code word
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Syndrome and Error Detection Syndrome and Error Detection

e We consider the (7,4) code whose parity-check matrix is given in
example 3.3

@ Letv=(1001011) be the transmitted code word

@ Letr=(1001001) be the received vector
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Synane £t e DEiEE
e We consider the (7,4) code whose parity-check matrix is given in
example 3.3
@ Letv=(1001011) be the transmitted code word

@ Letr=(1001001) be the received vector
@ The receiver computes the syndrome
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Synane £t e DEiEE
e We consider the (7,4) code whose parity-check matrix is given in
example 3.3

@ Letv=(1001011) be the transmitted code word
@ Letr=(1001001) be the received vector
@ The receiver computes the syndrome

s=rH =(11 1)
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Syndrome and Error Detection

e We consider the (7,4) code whose parity-check matrix is given in
example 3.3
Letv=(1001011) be the transmitted code word
Letr=(100100 1) be the received vector
The receiver computes the syndrome

s=rH =(11 1)

The receiver attempts to determine the true error
vector
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Syndrome and Error Detection

e We consider the (7,4) code whose parity-check matrix is given in
example 3.3
Letv=(1001011) be the transmitted code word
Letr=(100100 1) be the received vector
The receiver computes the syndrome

s=rH =(11 1)

The receiver attempts to determine the true error
vectore = (e, €1, €, €3, €4, €5, &), Which yields the syndrome above
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Syndrome and Error Detection Syndrome and Error Detection

e We consider the (7,4) code whose parity-check matrix is given in
example 3.3

Letv=(1001011) be the transmitted code word
Letr=(100100 1) be the received vector

The receiver computes the syndrome

s=rH =(11 1)

The receiver attempts to determine the true error
vectore = (e, €1, €, €3, €4, €5, &), Which yields the syndrome above

1 = e+e3+e5+ 66
1 = ese+e3+es+e6s
1 = e+e+e+e6s
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Syndrome and Error Detection
e We consider the (7,4) code whose parity-check matrix is given in

example 3.3

Letv=(1001011) be the transmitted code word

Letr=(100100 1) be the received vector

The receiver computes the syndrome

s=rH =(11 1)

The receiver attempts to determine the true error
vectore = (e, €1, €, €3, €4, €5, &), Which yields the syndrome above

1 = e+e3+e5+ 66
1 = ese+e3+es+e6s
1 = e+e+e+e6s

@ There are 2% = 16 error patterns that satisfy the equations above.
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(0000010),(1101010),(0110110),(1011110),
(1110000),(0011000),(1000100),(0101100),
(1010011),(0111011),(1100111),(0001111),
(0100001),(1001001),(0010101),(1111101)
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Syndrome and Error Detection Syndrome and Error Detection

(0000010),(1101010),(0110110),(1011110),
(1110000),(0011000),(1000100),(0101100),
(1010011),(0111011),(1100111),(0001111),
(0100001),(1001001),(0010101),(1111101)

@ The error vector e = (00 0 0 0 1 0) has the smallest number of
nonzero components

Manjunatha. P (JNNCE) Linear Block Codes September 21, 2013 39 /83



Syndrome and Error Detection Syndrome and Error Detection

(0000010),(1101010),(0110110),(1011110),
(1110000),(0011000),(1000100),(0101100),
(1010011),(0111011),(1100111),(0001111),
(0100001),(1001001),(0010101),(1111101)

@ The error vector e = (00 0 0 0 1 0) has the smallest number of
nonzero components

@ If the channel is a Binary Symmetric Channel (BSC),e=(000001
0) is the most probable error vector that satisfies the equation above
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Syndrome and Error Detection Syndrome and Error Detection

(0000010),(1101010),(0110110),(1011110),
(1110000),(0011000),(1000100),(0101100),
(1010011),(0111011),(1100111),(0001111),
(0100001),(1001001),(0010101),(1111101)

@ The error vector e = (00 0 0 0 1 0) has the smallest number of
nonzero components

@ If the channel is a Binary Symmetric Channel (BSC),e=(000001
0) is the most probable error vector that satisfies the equation above

e Takinge = (00000 10) as the true error vector, the receiver
decodes the received vector r = (1 00 1 0 0 1) into the following
code word
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Syndrome and Error Detection Syndrome and Error Detection

(0000010),(1101010),(0110110),(1011110),
(1110000),(0011000),(1000100),(0101100),
(1010011),(0111011),(1100111),(0001111),
(0100001),(1001001),(0010101),(1111101)

@ The error vector e = (00 0 0 0 1 0) has the smallest number of
nonzero components

@ If the channel is a Binary Symmetric Channel (BSC),e=(000001
0) is the most probable error vector that satisfies the equation above

e Takinge = (00000 10) as the true error vector, the receiver
decodes the received vector r = (1 00 1 0 0 1) into the following
code word

o VF=r+e=(1001001)+(0000010)

Manjunatha. P (JNNCE) Linear Block Codes September 21, 2013 39 /83



Syndrome and Error Detection Syndrome and Error Detection

(0000010),(1101010),(0110110),(1011110),
(1110000),(0011000),(1000100),(0101100),
(1010011),(0111011),(1100111),(0001111),
(0100001),(1001001),(0010101),(1111101)

@ The error vector e = (00 0 0 0 1 0) has the smallest number of
nonzero components

@ If the channel is a Binary Symmetric Channel (BSC),e=(000001
0) is the most probable error vector that satisfies the equation above

e Takinge = (00000 10) as the true error vector, the receiver
decodes the received vector r = (1 00 1 0 0 1) into the following
code word

ev¥=r+e=(1001001)+(0000010)=(1001011)

@ where v* is the actual transmitted code word
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LRI RIS ENICRGIEN I[N @I The Minimum Distance of a Block Code

The Minimum Distance of a Block Code
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LRI RIS ENICRGIEN I[N @I The Minimum Distance of a Block Code

o Let v=(w,v1,...,Vs—1) be a binary n-tuple, the Hamming weight
(or simply weight) of v, denoted by w(v), is defined as the number of
nonzero components of v.
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LRI RIS ENICRGIEN I[N @I The Minimum Distance of a Block Code

o Let v=(w,v1,...,Vs—1) be a binary n-tuple, the Hamming weight
(or simply weight) of v, denoted by w(v), is defined as the number of
nonzero components of v.

@ For example, the Hamming weight of v=(1000110) is 3.
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LRI RIS ENICRGIEN I[N @I The Minimum Distance of a Block Code

o Let v=(w,v1,...,Vs—1) be a binary n-tuple, the Hamming weight
(or simply weight) of v, denoted by w(v), is defined as the number of
nonzero components of v.

@ For example, the Hamming weight of v=(1000110) is 3.

@ Let v and w be two n-tuple, the Hamming distance between v and w,
denoted d(v, w), is defined as the number of places where they differ.
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LRI RIS ENICRGIEN I[N @I The Minimum Distance of a Block Code

o Let v=(w,v1,...,Vs—1) be a binary n-tuple, the Hamming weight
(or simply weight) of v, denoted by w(v), is defined as the number of
nonzero components of v.

@ For example, the Hamming weight of v=(1000110) is 3.

@ Let v and w be two n-tuple, the Hamming distance between v and w,
denoted d(v, w), is defined as the number of places where they differ.

e For example, the Hamming distance between v= (100101 1) and
w=(0100011)is3
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LRI RIS ENICRGIEN I[N @I The Minimum Distance of a Block Code

o Let v=(w,v1,...,Vs—1) be a binary n-tuple, the Hamming weight
(or simply weight) of v, denoted by w(v), is defined as the number of
nonzero components of v.

@ For example, the Hamming weight of v=(1000110) is 3.

@ Let v and w be two n-tuple, the Hamming distance between v and w,
denoted d(v, w), is defined as the number of places where they differ.

e For example, the Hamming distance between v= (100101 1) and
w=(0100011)is3

@ The Hamming distance is a metric function that satisfied the triangle
inequality.
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LRI RIS ENICRGIEN I[N @I The Minimum Distance of a Block Code

Let v = (vo,v1,...,Vvs—1) be a binary n-tuple, the Hamming weight
(or simply weight) of v, denoted by w(v), is defined as the number of
nonzero components of v.

For example, the Hamming weight of v=(10001 1 0) is 3.

Let v and w be two n-tuple, the Hamming distance between v and w,
denoted d(v, w), is defined as the number of places where they differ.

For example, the Hamming distance between v = (100101 1) and
w=(0100011)is3

The Hamming distance is a metric function that satisfied the triangle
inequality.

d(v,w)+d(w,x) > d(v,x) (3.14) (14)
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LRI RIS ENICRGIEN I[N @I The Minimum Distance of a Block Code

@ From the definition of Hamming distance and the definition of
module-2 addition that the Hamming distance between two n-tuple, v
and w, is equal to the Hamming weight of the sum of v and w, that is.
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LRI RIS ENICRGIEN I[N @I The Minimum Distance of a Block Code

@ From the definition of Hamming distance and the definition of
module-2 addition that the Hamming distance between two n-tuple, v
and w, is equal to the Hamming weight of the sum of v and w, that is.

d(v,w) = w(v+ w) (3.15) (15)
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LRI RIS ENICRGIEN I[N @I The Minimum Distance of a Block Code

@ From the definition of Hamming distance and the definition of
module-2 addition that the Hamming distance between two n-tuple, v
and w, is equal to the Hamming weight of the sum of v and w, that is.

d(v,w) = w(v+ w) (3.15) (15)

e For example, the Hamming distance between v= (100101 1) and
w=(1110010)is4 and the weightofv+w=(0111001)is

also 4.
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LRI RIS ENICRGIEN I[N @I The Minimum Distance of a Block Code

@ From the definition of Hamming distance and the definition of
module-2 addition that the Hamming distance between two n-tuple, v
and w, is equal to the Hamming weight of the sum of v and w, that is.

d(v,w) = w(v+ w) (3.15) (15)

e For example, the Hamming distance between v= (100101 1) and
w=(1110010)is4 and the weightofv+w=(0111001)is

also 4.
@ Given, a block code C, the minimum distance of C, denoted djn, is
defined as
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LRI RIS ENICRGIEN I[N @I The Minimum Distance of a Block Code

@ From the definition of Hamming distance and the definition of
module-2 addition that the Hamming distance between two n-tuple, v
and w, is equal to the Hamming weight of the sum of v and w, that is.

d(v,w) = w(v+ w) (3.15) (15)

e For example, the Hamming distance between v= (100101 1) and
w=(1110010)is4 and the weightofv+w=(0111001)is

also 4.
@ Given, a block code C, the minimum distance of C, denoted djn, is
defined as
dmin = min{d(v,w) : v,w € C,v # w} (3.16)  (16)
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LRI RIS ENICRGIEN I[N @I The Minimum Distance of a Block Code

o If Cis a linear block, the sum of two vectors is also a code vector.
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LRI RIS ENICRGIEN I[N @I The Minimum Distance of a Block Code

o If Cis a linear block, the sum of two vectors is also a code vector.

e From (3.15) that the Hamming distance between two code vectors in
C is equal to the Hamming weight of a third code vector in C.
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LRI RIS ENICRGIEN I[N @I The Minimum Distance of a Block Code

o If Cis a linear block, the sum of two vectors is also a code vector.

e From (3.15) that the Hamming distance between two code vectors in
C is equal to the Hamming weight of a third code vector in C.

dmin = min{w(v+w):v,we C,v#w}
= min{w(x):x € C,x # 0} (3.17)
= Wmin
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LRI RIS ENICRGIEN I[N @I The Minimum Distance of a Block Code

o If Cis a linear block, the sum of two vectors is also a code vector.

e From (3.15) that the Hamming distance between two code vectors in
C is equal to the Hamming weight of a third code vector in C.

dmin = min{w(v+w):v,we C,v#w}
= min{w(x):x € C,x # 0} (3.17)
= Wmin

@ The parameter Wy, = {w(x) : x € C,x # 0} is called the minimum
weight of the linear code C.
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o If Cis a linear block, the sum of two vectors is also a code vector.

e From (3.15) that the Hamming distance between two code vectors in
C is equal to the Hamming weight of a third code vector in C.

dmin = min{w(v+w):v,we C,v#w}
= min{w(x):x € C,x # 0} (3.17)
= Wmin

@ The parameter Wy, = {w(x) : x € C,x # 0} is called the minimum
weight of the linear code C.
Theorem 3.1

@ The minimum distance of a linear block code is equal to the
minimum weight of its nonzero code words.
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LRI RIS ENICRGIEN I[N @I The Minimum Distance of a Block Code

o If Cis a linear block, the sum of two vectors is also a code vector.

e From (3.15) that the Hamming distance between two code vectors in
C is equal to the Hamming weight of a third code vector in C.

dmin = min{w(v+w):v,we C,v#w}
= min{w(x):x € C,x # 0} (3.17)
= Wmin

@ The parameter Wy, = {w(x) : x € C,x # 0} is called the minimum
weight of the linear code C.
Theorem 3.1

@ The minimum distance of a linear block code is equal to the
minimum weight of its nonzero code words.

@ The (7,4) code has minimum weight of 3.
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Theorem 3.2
o Let C be an (n, k) linear code with parity-check matrix H. For each
code vector of Hamming weight /, there exist / columns of H such
that the vector sum of these | columns is equal to the zero vector.
Conversely, if there exist / columns of H whose vector sum is the zeros
vector, there exists a code vector of Hamming weight /in C.
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Proof

o Let the parity-check matrix be

Manjunatha. P (JNNCE) Linear Block Codes September 21, 2013 45 / 83



LRI RIS ENICRGIEN I[N @I The Minimum Distance of a Block Code
Proof

o Let the parity-check matrix be
H = [h07 hi, ..., hn—l]

@ where h; represents the iy, column of H
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LRI RIS ENICRGIEN I[N @I The Minimum Distance of a Block Code
Proof

o Let the parity-check matrix be
H = [h07 hi, ..., hn—l]

@ where h; represents the iy, column of H

o Let v=(w,v1,...,Vs—1) be a code vector of weight | and v has |
nonzero components.
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LRI RIS ENICRGIEN I[N @I The Minimum Distance of a Block Code
Proof

o Let the parity-check matrix be

H = [h07h17 . . '>hn—1]

@ where h; represents the iy, column of H

o Let v=(w,v1,...,Vs—1) be a code vector of weight | and v has |
nonzero components.

o Letvj1, vj2,..., vy be the | nonzero components of v,
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LRI RIS ENICRGIEN I[N @I The Minimum Distance of a Block Code
Proof

o Let the parity-check matrix be
H = [h07 hi, ..., hn—l]

@ where h; represents the iy, column of H

o Let v=(w,v1,...,Vs—1) be a code vector of weight | and v has |
nonzero components.

o Letvj1, vj2,..., vy be the | nonzero components of v,
o where0<h<h<...<ig<n—1,thenvji=vp=...=vy=1
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LRI RIS ENICRGIEN I[N @I The Minimum Distance of a Block Code
Proof

o Let the parity-check matrix be
H = [h07 hi, ..., hn—l]

@ where h; represents the iy, column of H

o Let v=(w,v1,...,Vs—1) be a code vector of weight | and v has |
nonzero components.

o Letvj1, vj2,..., vy be the | nonzero components of v,

@ where0<ii<h<...<ig<n-—1thenvi=vp=...=v;=1

@ since v is code vector, we must have
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LRI RIS ENICRGIEN I[N @I The Minimum Distance of a Block Code
Proof

o Let the parity-check matrix be
H = [h07 hi, ..., hn—l]

@ where h; represents the iy, column of H

o Let v=(w,v1,...,Vs—1) be a code vector of weight | and v has |
nonzero components.

o Letvj1, vj2,..., vy be the | nonzero components of v,

@ where0<ii<h<...<ig<n-—1thenvi=vp=...=v;=1

@ since v is code vector, we must have

0 = v.H'

voho +vihi + ...+ vp_1hp1
Vithijt + Vizhja + ... + virhj
= hia+hip+...+hj
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Proof
@ Suppose that hj1, hj, ..., hy are | columns of H such that
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Proof
@ Suppose that hj1, hj, ..., hy are | columns of H such that

hii+h>r+...+hy=0 (3.18) (17)
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LRI RIS ENICRGIEN I[N @I The Minimum Distance of a Block Code

Proof
@ Suppose that hj1, hj, ..., hy are | columns of H such that

hii+h>r+...+hy=0 (3.18) (17)

o Let x = (x1,x2,...,xn — 1) whose nonzero components are
X1, Xi2, Xjl
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LRI RIS ENICRGIEN I[N @I The Minimum Distance of a Block Code

Proof

@ Suppose that hj1, hj, ..., hy are | columns of H such that
hii+h>r+...+hy=0 (3.18) (17)
o Let x = (x1,x2,...,xn — 1) whose nonzero components are
X1, Xi2, Xjl

x.HT = xoho + x1h1 + ...+ Xp—1hp—1
xithi1 + xi2hj2 + ... + xj hj
hi1+h;2+...+hi/
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LRI RIS ENICRGIEN I[N @I The Minimum Distance of a Block Code

Proof

@ Suppose that hj1, hj, ..., hy are | columns of H such that

hii+h>r+...+hy=0 (3.18) (17)
o Let x = (x1,x2,...,xn — 1) whose nonzero components are
X1, Xi2, Xjl
x.HT = Xoho +x1h1 + ... 4+ Xn_1hp_1

Xithit + xiohi2 + ... 4+ xjhjy
hix +hio+ ...+ hy

e It following from (3.18) that x.H™ = 0, x is code vector of weight | in
C
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Corollary 3.2.1

@ Let C be a linear block code with parity-check matrix H. If no d-1 or
fewer columns of H add to 0, the code has minimum weight at least d.
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LRI RIS ENICRGIEN I[N @I The Minimum Distance of a Block Code

Corollary 3.2.1

@ Let C be a linear block code with parity-check matrix H. If no d-1 or
fewer columns of H add to 0, the code has minimum weight at least d.

Corollary 3.2.2
@ The minimum weight of C is equal to the smallest number of columns
of H that sum to 0.
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LRI RIS ENICRGIEN I[N @I The Minimum Distance of a Block Code

Corollary 3.2.1

@ Let C be a linear block code with parity-check matrix H. If no d-1 or
fewer columns of H add to 0, the code has minimum weight at least d.

Corollary 3.2.2
@ The minimum weight of C is equal to the smallest number of columns
of H that sum to 0.
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Error-Detecting and Error-Correcting Capabilities
of a Block Code
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Error-Detecting and Error-Correcting Capabilities of a Block Code Error-Detecting and Error-Correcting Capabilities of a Block Code

@ If the minimum distance of a block code C is dpi,, any two distinct
code vector of C differ in at least d;, places.
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@ If the minimum distance of a block code C is dpi,, any two distinct
code vector of C differ in at least d;, places.

@ A block code with minimum distance d;, is capable of detecting all
the error pattern of d,;,- 1 or fewer errors.
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Error-Detecting and Error-Correcting Capabilities of a Block Code Error-Detecting and Error-Correcting Capabilities of a Block Code

@ If the minimum distance of a block code C is dpi,, any two distinct
code vector of C differ in at least d;, places.

@ A block code with minimum distance d;, is capable of detecting all
the error pattern of d,;,- 1 or fewer errors.

@ However, it cannot detect all the error pattern of d;, errors because
there exists at least one pair of code vectors that differ in d;,;, places
and there is an error pattern of d,,;, errors that will carry one into the
other.
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Error-Detecting and Error-Correcting Capabilities of a Block Code Error-Detecting and Error-Correcting Capabilities of a Block Code

@ If the minimum distance of a block code C is dpi,, any two distinct
code vector of C differ in at least d;, places.

@ A block code with minimum distance d;, is capable of detecting all
the error pattern of d,;,- 1 or fewer errors.

@ However, it cannot detect all the error pattern of d;, errors because
there exists at least one pair of code vectors that differ in d;,;, places
and there is an error pattern of d,,;, errors that will carry one into the
other.

@ The random-error-detecting capability of a block code with minimum
distance dmj, is dmin-1.
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@ An (n, k) linear code is capable of detecting 2" — 2k

length n.

error patterns of
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@ An (n, k) linear code is capable of detecting 2" — 2k error patterns of
length n.

@ Among the 2" — 1 possible nonzero error patterns, there are 2K — 1
error patterns that are identical to the 2 — 1 nonzero code words.
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Error-Detecting and Error-Correcting Capabilities of a Block Code Error-Detecting and Error-Correcting Capabilities of a Block Code

@ An (n, k) linear code is capable of detecting 2" — 2k error patterns of
length n.

@ Among the 2" — 1 possible nonzero error patterns, there are 2K — 1
error patterns that are identical to the 2 — 1 nonzero code words.

o If any of these 2K — 1 error patterns occurs, it alters the transmitted
code word v into another code word w, thus w will be received and its
syndrome is zero.
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Error-Detecting and Error-Correcting Capabilities of a Block Code Error-Detecting and Error-Correcting Capabilities of a Block Code

@ An (n, k) linear code is capable of detecting 2" — 2k error patterns of
length n.

@ Among the 2" — 1 possible nonzero error patterns, there are 2K — 1
error patterns that are identical to the 2 — 1 nonzero code words.

o If any of these 2K — 1 error patterns occurs, it alters the transmitted
code word v into another code word w, thus w will be received and its
syndrome is zero.

@ There are 2K — 1 undetectable error patterns.

@ If an error pattern is not identical to a nonzero code word, the
received vector r will not be a code word and the syndrome will not
be zero.
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Error-Detecting and Error-Correcting Capabilities of a Block Code Error-Detecting and Error-Correcting Capabilities of a Block Code

@ An (n, k) linear code is capable of detecting 2" — 2k error patterns of
length n.

@ Among the 2" — 1 possible nonzero error patterns, there are 2K — 1
error patterns that are identical to the 2 — 1 nonzero code words.

o If any of these 2K — 1 error patterns occurs, it alters the transmitted
code word v into another code word w, thus w will be received and its
syndrome is zero.

@ There are 2K — 1 undetectable error patterns.

@ If an error pattern is not identical to a nonzero code word, the
received vector r will not be a code word and the syndrome will not
be zero.

@ These 2" — 2K error patterns are detectable error patterns.
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Error-Detecting and Error-Correcting Capabilities of a Block Code Error-Detecting and Error-Correcting Capabilities of a Block Code

@ Let A; be the number of code vectors of weight i in C, the numbers
Ao, A1, ..., A, are called the weight distribution of C.
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@ Let A; be the number of code vectors of weight i in C, the numbers
Ao, A1, ..., A, are called the weight distribution of C.

o Let Pu(E) denote the probability of an undetected error.
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Error-Detecting and Error-Correcting Capabilities of a Block Code Error-Detecting and Error-Correcting Capabilities of a Block Code

@ Let A; be the number of code vectors of weight i in C, the numbers
Ao, A1, ..., A, are called the weight distribution of C.

o Let Pu(E) denote the probability of an undetected error.

@ Since an undetected error occurs only when the error pattern is
identical to a nonzero code vector of C .
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@ Let A; be the number of code vectors of weight i in C, the numbers
Ao, A1, ..., A, are called the weight distribution of C.

o Let Pu(E) denote the probability of an undetected error.

@ Since an undetected error occurs only when the error pattern is
identical to a nonzero code vector of C .

Py(E) = Aip'(1—p)"" (18)
i=1
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Error-Detecting and Error-Correcting Capabilities of a Block Code Error-Detecting and Error-Correcting Capabilities of a Block Code

@ Let A; be the number of code vectors of weight i in C, the numbers
Ao, A1, ..., A, are called the weight distribution of C.

o Let Pu(E) denote the probability of an undetected error.

@ Since an undetected error occurs only when the error pattern is
identical to a nonzero code vector of C .

Py(E) = Aip'(1—p)"" (18)
i=1

where p is the transition probability of the BSC.
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Error-Detecting and Error-Correcting Capabilities of a Block Code Error-Detecting and Error-Correcting Capabilities of a Block Code

@ Let A; be the number of code vectors of weight i in C, the numbers
Ao, A1, ..., A, are called the weight distribution of C.

o Let Pu(E) denote the probability of an undetected error.

@ Since an undetected error occurs only when the error pattern is
identical to a nonzero code vector of C .

Py(E) = Aip'(1—p)"" (18)
i=1

where p is the transition probability of the BSC.

@ If the minimum distance of C is d,;iy, then Ay to Agmin — 1 are zero.
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e Consider the (7,4) code given in table. The weight distribution is:
Ao = 1,A1 :A2 :O,Ag :A4 :7,/45 :Aﬁ :O,and A7 =1
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e Consider the (7,4) code given in table. The weight distribution is:
Ao = 1,A1 :A2 :O,Ag :A4 :7,/45 :Aﬁ :O,and A7 =1

@ The probability of an undetected error
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Error-Detecting and Error-Correcting Capabilities of a Block Code Error-Detecting and Error-Correcting Capabilities of a Block Code

e Consider the (7,4) code given in table. The weight distribution is:
Ao = 1,A1 :A2 :O,Ag :A4 :7,/45 :Aﬁ :O,and A7 =1

@ The probability of an undetected error

Pu(E)=7p*(1 = p*) + 7p*(1 - p°) + p’
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Error-Detecting and Error-Correcting Capabilities of a Block Code Error-Detecting and Error-Correcting Capabilities of a Block Code

e Consider the (7,4) code given in table. The weight distribution is:
Ao = 1,A1 :AQ :O,Ag :A4 :7,/45 :Aﬁ :O,and A7 =1
@ The probability of an undetected error

Pu(E)=7p*(1 = p*) + 7p*(1 - p°) + p’

o If p=10"2 then P,(E) = 7x107° this means, if 1 million codewords
are transmitted over a BSC with p = 1072 on average seven erroneous
codewords pass through the decoder without being detected.
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etecting and Error-Correcting Capabilities of a Block Code Error-Detecting and Error-Correcting Capabilities of a Block Code

@ Consider a block code C with minimum distance dpj, is used for random error correction and dp;, is either odd or even.
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@ Consider a block code C with minimum distance dpj, is used for random error correction and dp;, is either odd or even.
@ Let t be a positive integer such that:
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etecting and Error-Correcting Capabilities of a Block Code Error-Detecting and Error-Correcting Capabilities of a Block Code

@ Consider a block code C with minimum distance dpj, is used for random error correction and dp;, is either odd or even.
@ Let t be a positive integer such that:
2t + 1 < dpjp < 2t 42 (19)
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etecting and Error-Correcting Capabi

@ Consider a block code C with minimum distance dpj, is used for random error correction and dp;, is either odd or even.
@ Let t be a positive integer such that:

es of a Block Code Error-Detecting and Error-Correcting Capabilities of a Block Code

2t +1 < dpp < 2t +2 (19)
Fact 1:
@ The code C is capable of correcting all the error patterns of t or fewer errors.
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etecting and Error-Correcting Capabilities of a Block Code Error-Detecting and Error-Correcting Capabilities of a Block Code

@ Consider a block code C with minimum distance dpj, is used for random error correction and dp;, is either odd or even.
@ Let t be a positive integer such that:
2t +1 < dpp < 2t +2 (19)
Fact 1:
@ The code C is capable of correcting all the error patterns of t or fewer errors.
Proof:
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etecting and Error-Correcting Capabilities of a Block Code Error-Detecting and Error-Correcting Capabilities of a Block Code

@ Consider a block code C with minimum distance dpj, is used for random error correction and dp;, is either odd or even.
@ Let t be a positive integer such that:

2t + 1 < dpjp < 2t 42 (19)
Fact 1:
The code C is capable of correcting all the error patterns of t or fewer errors.
Proof:

Let v and r be the transmitted code vector and the received vector, respectively and w be any other code vector in C.
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etecting and Error-Correcting Capabilities of a Block Code Error-Detecting and Error-Correcting Capabilities of a Block Code

@ Consider a block code C with minimum distance dpj, is used for random error correction and dp;, is either odd or even.
@ Let t be a positive integer such that:

2t +1 < dpp < 2t +2 (19)
Fact 1:
The code C is capable of correcting all the error patterns of t or fewer errors.
Proof:

Let v and r be the transmitted code vector and the received vector, respectively and w be any other code vector in C.

d(v,r)+d(w,r) > d(v,w) (20)
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etecting and Error-Correcting Capabilities of a Block Code Error-Detecting and Error-Correcting Capabilities of a Block Code

@ Consider a block code C with minimum distance dpj, is used for random error correction and dp;, is either odd or even.
@ Let t be a positive integer such that:

2t + 1 < dpjp < 2t 42 (19)
Fact 1:
The code C is capable of correcting all the error patterns of t or fewer errors.
Proof:

Let v and r be the transmitted code vector and the received vector, respectively and w be any other code vector in C.

d(v,r)+d(w,r) > d(v,w) (20)

’ !
Suppose that an t errors occurs during the transmission of v. Then d(v,r) =t .

Since v and w are code vectors in C, we have
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etecting and Error-Correcting Capabilities of a Block Code Error-Detecting and Error-Correcting Capabilities of a Block Code

@ Consider a block code C with minimum distance dpj, is used for random error correction and dp;, is either odd or even.
@ Let t be a positive integer such that:

2t + 1 < dpjp < 2t 42 (19)
Fact 1:
The code C is capable of correcting all the error patterns of t or fewer errors.
Proof:

Let v and r be the transmitted code vector and the received vector, respectively and w be any other code vector in C.

d(v,r)+d(w,r) > d(v,w) (20)

’ !
Suppose that an t errors occurs during the transmission of v. Then d(v,r) =t .
Since v and w are code vectors in C, we have

d(v, W) > dpin > 26+ 1. (1)
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etecting and Error-Correcting Capabilities of a Block Code Error-Detecting and Error-Correcting Capabilities of a Block Code

@ Consider a block code C with minimum distance dpj, is used for random error correction and dp;, is either odd or even.
@ Let t be a positive integer such that:

2t + 1 < dpjp < 2t 42 (19)
Fact 1:
The code C is capable of correcting all the error patterns of t or fewer errors.
Proof:

Let v and r be the transmitted code vector and the received vector, respectively and w be any other code vector in C.

d(v,r)+d(w,r) > d(v,w) (20)

’ !
Suppose that an t errors occurs during the transmission of v. Then d(v,r) =t .
Since v and w are code vectors in C, we have
d(v, W) > i > 26+ 1. (1)

Combining equation 20 and equation 21
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etecting and Error-Correcting Capabilities of a Block Code Error-Detecting and Error-Correcting Capabilities of a Block Code

@ Consider a block code C with minimum distance dpj, is used for random error correction and dp;, is either odd or even.
@ Let t be a positive integer such that:

2t + 1 < dpjp < 2t 42 (19)
Fact 1:
The code C is capable of correcting all the error patterns of t or fewer errors.
Proof:

Let v and r be the transmitted code vector and the received vector, respectively and w be any other code vector in C.

d(v,r)+d(w,r) > d(v,w) (20)

’ !
Suppose that an t errors occurs during the transmission of v. Then d(v,r) =t .
Since v and w are code vectors in C, we have
d(v, W) > i > 26+ 1. (1)

Combining equation 20 and equation 21
d(v,r)+d(w,r) >2t+1
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etecting and Error-Correcting Capabilities of a Block Code Error-Detecting and Error-Correcting Capabilities of a Block Code

@ Consider a block code C with minimum distance dpj, is used for random error correction and dp;, is either odd or even.
@ Let t be a positive integer such that:

2t + 1 < dpjp < 2t 42 (19)
Fact 1:
The code C is capable of correcting all the error patterns of t or fewer errors.
Proof:

Let v and r be the transmitted code vector and the received vector, respectively and w be any other code vector in C.

d(v,r)+d(w,r) > d(v,w) (20)

Suppose that an ¢ errors occurs during the transmission of v. Then d(v, r) = tl.
Since v and w are code vectors in C, we have

d(v, w) > dpmin > 2t + 1. (21)
Combining equation 20 and equation 21

d(v,r)+d(w,r) >2t+1

and d(v,r) = ¢
’
dw,r) >2t+1—t
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@ Consider a block code C with minimum distance dpj, is used for random error correction and dp;, is either odd or even.
@ Let t be a positive integer such that:

2t + 1 < dpjp < 2t 42 (19)
Fact 1:
The code C is capable of correcting all the error patterns of t or fewer errors.
Proof:

Let v and r be the transmitted code vector and the received vector, respectively and w be any other code vector in C.

d(v,r)+d(w,r) > d(v,w) (20)

’ !
Suppose that an t errors occurs during the transmission of v. Then d(v,r) =t .
Since v and w are code vectors in C, we have
d(v, W) > i > 26+ 1. (1)
Combining equation 20 and equation 21
d(v,r)+d(w,r) >2t+1
’
and d(v,r) =t
’
dw,r) >2t+1—t

’
if t <t=dw,r)>t
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tecting and Error-Correcting Capab

es of a Block Code Error-Detecting and Error-Correcting Capabilities of a Block Code

Consider a block code C with minimum distance d,,;, is used for random error correction and d,;, is either odd or even.
Let t be a positive integer such that:

2t +1 < dpp < 2t +2 (19)
Fact 1:
The code C is capable of correcting all the error patterns of t or fewer errors.
Proof:

Let v and r be the transmitted code vector and the received vector, respectively and w be any other code vector in C.

d(v,r)+d(w,r) > d(v,w) (20)

!’ !
Suppose that an t errors occurs during the transmission of v. Then d(v,r) =t .
Since v and w are code vectors in C, we have
d(v, W) > i > 26+ 1. (1)

Combining equation 20 and equation 21
d(v,r)+d(w,r) >2t+1

and d(v,r) = ¢
’
dw,r) >2t+1—t

’
if t <t=dw,r)>t

The inequality above says that if an error pattern of t or fewer errors occurs, the received vector r is closer (in Hamming
distance) to the transmitted code vector v than to any other code vector w in C.
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tecting and Error-Correcting Capab

es of a Block Code Error-Detecting and Error-Correcting Capabilities of a Block Code

@ Consider a block code C with minimum distance dpj, is used for random error correction and dp;, is either odd or even.
@ Let t be a positive integer such that:

2t +1 < dpp < 2t +2 (19)
Fact 1:
The code C is capable of correcting all the error patterns of t or fewer errors.
Proof:

Let v and r be the transmitted code vector and the received vector, respectively and w be any other code vector in C.

d(v,r)+d(w,r) > d(v,w) (20)

Suppose that an ¢ errors occurs during the transmission of v. Then d(v, r) = t/.
Since v and w are code vectors in C, we have

d(v, w) > dpmin > 2t + 1. (21)
Combining equation 20 and equation 21

d(v,r)+d(w,r) >2t+1

and d(v,r) = ¢
’
dw,r) >2t+1—t

’
if t <t=dw,r)>t

The inequality above says that if an error pattern of t or fewer errors occurs, the received vector r is closer (in Hamming
distance) to the transmitted code vector v than to any other code vector w in C.
For a BSC, this means that the conditional probability P(r|v) is greater than the conditional probability P(r|w) for

w# v,
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Fact 2:
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Fact 2:

@ The code is not capable of correcting all the error patterns of / errors
with [ > t, for there is at least one case where an error pattern of /
errors results in a received vector which is closer to an incorrect code
vector than to the actual transmitted code vector.
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Fact 2:

@ The code is not capable of correcting all the error patterns of / errors
with [ > t, for there is at least one case where an error pattern of /
errors results in a received vector which is closer to an incorrect code
vector than to the actual transmitted code vector.

@ Proof:

Manjunatha. P (JNNCE) Linear Block Codes September 21, 2013 54 / 83



Error-Detecting and Error-Correcting Capabilities of a Block Code Error-Detecting and Error-Correcting Capabilities of a Block Code

Fact 2:

@ The code is not capable of correcting all the error patterns of / errors
with [ > t, for there is at least one case where an error pattern of /
errors results in a received vector which is closer to an incorrect code
vector than to the actual transmitted code vector.

@ Proof:

o Let v and w be two code vectors in C such that d(v, w) = dnmijn.
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Error-Detecting and Error-Correcting Capabilities of a Block Code Error-Detecting and Error-Correcting Capabilities of a Block Code

Fact 2:

@ The code is not capable of correcting all the error patterns of / errors
with [ > t, for there is at least one case where an error pattern of /
errors results in a received vector which is closer to an incorrect code
vector than to the actual transmitted code vector.

@ Proof:
o Let v and w be two code vectors in C such that d(v, w) = dnmijn.

@ Let e; and ey be two error patterns that satisfy the following
conditions:
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Fact 2:

@ The code is not capable of correcting all the error patterns of / errors
with [ > t, for there is at least one case where an error pattern of /
errors results in a received vector which is closer to an incorrect code
vector than to the actual transmitted code vector.

@ Proof:
o Let v and w be two code vectors in C such that d(v, w) = dnmijn.

@ Let e; and ey be two error patterns that satisfy the following
conditions:

o Q@ e te=vi+w
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Fact 2:

@ The code is not capable of correcting all the error patterns of / errors
with [ > t, for there is at least one case where an error pattern of /
errors results in a received vector which is closer to an incorrect code
vector than to the actual transmitted code vector.

@ Proof:
o Let v and w be two code vectors in C such that d(v, w) = dnmijn.

@ Let e; and ey be two error patterns that satisfy the following
conditions:
o Q@ e te=vi+w
@ e and e, do not have nonzero components in common places.
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Error-Detecting and Error-Correcting Capabilities of a Block Code Error-Detecting and Error-Correcting Capabilities of a Block Code

Fact 2:

@ The code is not capable of correcting all the error patterns of / errors
with [ > t, for there is at least one case where an error pattern of /
errors results in a received vector which is closer to an incorrect code
vector than to the actual transmitted code vector.

@ Proof:
o Let v and w be two code vectors in C such that d(v, w) = dnmijn.

@ Let e; and ey be two error patterns that satisfy the following
conditions:

o Qe te=v+w
@ e and e, do not have nonzero components in common places.

We have
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Fact 2:

@ The code is not capable of correcting all the error patterns of / errors
with [ > t, for there is at least one case where an error pattern of /
errors results in a received vector which is closer to an incorrect code
vector than to the actual transmitted code vector.

@ Proof:
o Let v and w be two code vectors in C such that d(v, w) = dnmijn.

@ Let e; and ey be two error patterns that satisfy the following
conditions:

o Qe te=v+w
@ e and e, do not have nonzero components in common places.

We have

w(er) + w(e) = w(v+ w) =d(v,w) = dmin.(3.23)  (22)
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@ Suppose that v is transmitted and is corrupted by the error pattern
e1, then the received vector is

r=v+4+e
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@ Suppose that v is transmitted and is corrupted by the error pattern
e1, then the received vector is

r=v+4+e

@ The Hamming distance between v and r is
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@ Suppose that v is transmitted and is corrupted by the error pattern
e1, then the received vector is

r=v+4+e

@ The Hamming distance between v and r is

d(v,r) =w(v+r)=w(e).(3.24) (23)
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@ Suppose that v is transmitted and is corrupted by the error pattern
e1, then the received vector is

r=v+4+e

@ The Hamming distance between v and r is

d(v,r) =w(v+r)=w(e).(3.24) (23)

@ The Hamming distance between w and r is
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@ Suppose that v is transmitted and is corrupted by the error pattern
e1, then the received vector is

r=v+4+e

@ The Hamming distance between v and r is

d(v,r) =w(v+r)=w(e).(3.24) (23)

@ The Hamming distance between w and r is

dw,r)=w(w+r)=w(w+v+e)=w(e)3.25) (24)
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@ Suppose that v is transmitted and is corrupted by the error pattern
e1, then the received vector is

r=v+4+e

@ The Hamming distance between v and r is

d(v,r) =w(v+r)=w(e).(3.24) (23)

@ The Hamming distance between w and r is

dw,r)=w(w+r)=w(w+v+e)=w(e)3.25) (24)

@ Now, suppose that the error pattern e; contains more than t errors
[i.e. w(e) >t+1].
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@ Suppose that v is transmitted and is corrupted by the error pattern
€1, then the received vector is

r=v+4+e

The Hamming distance between v and r is

d(v,r) =w(v+r)=w(e).(3.24) (23)

@ The Hamming distance between w and r is

dw,r)=w(w+r)=w(w+v+e)=w(e)3.25) (24)

@ Now, suppose that the error pattern e; contains more than t errors
[i.e. w(e) >t+1].
Since 2t + 1 < dpin2t + 2, it follows from (3.23) that
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@ Suppose that v is transmitted and is corrupted by the error pattern
€1, then the received vector is

r=v+4+e

The Hamming distance between v and r is

d(v,r) =w(v+r)=w(e).(3.24) (23)

@ The Hamming distance between w and r is

dw,r)=w(w+r)=w(w+v+e)=w(e)3.25) (24)

@ Now, suppose that the error pattern e; contains more than t errors
[i.e. w(e) >t+1].
Since 2t + 1 < dpin2t + 2, it follows from (3.23) that

(e2) = i — (o) < (26 +2) — (++1) = 41
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e Combining (3.24) and (3.25) and using the fact that w(el) > t+1
and w(e2) < t+1, we have
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e Combining (3.24) and (3.25) and using the fact that w(el) > t+1
and w(e2) < t+1, we have

d(v,r) > d(w,r)
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e Combining (3.24) and (3.25) and using the fact that w(el) > t+1
and w(e2) < t+1, we have

d(v,r) > d(w,r)

e This inequality say that there exists an error pattern of /(/ > t) errors
which results in a received vector that is closer to an incorrect code
vector than to the transmitted code vector.
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e Combining (3.24) and (3.25) and using the fact that w(el) > t+1
and w(e2) < t+1, we have

d(v,r) > d(w,r)

e This inequality say that there exists an error pattern of /(/ > t) errors
which results in a received vector that is closer to an incorrect code
vector than to the transmitted code vector.

@ Based on the maximum likelihood decoding scheme, an incorrect
decoding would be committed.
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@ A block code with minimum distance d,,;, guarantees correcting all
the error patterns of t = [(dmin — 1)/2] or fewer errors, where
[(dmin — 1)/2] denotes the largest integer no greater than (dmin — 1)/2
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@ A block code with minimum distance d,,;, guarantees correcting all
the error patterns of t = [(dmin — 1)/2] or fewer errors, where
[(dmin — 1)/2] denotes the largest integer no greater than (dmin — 1)/2

@ The parameter t = [(dmin — 1)/2] is called the random-error
correcting capability of the code
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@ A block code with minimum distance d,,;, guarantees correcting all
the error patterns of t = [(dmin — 1)/2] or fewer errors, where
[(dmin — 1)/2] denotes the largest integer no greater than (dmin — 1)/2

@ The parameter t = [(dmin — 1)/2] is called the random-error
correcting capability of the code

@ The code is referred to as a t-error-correcting code.
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@ A block code with minimum distance d,,;, guarantees correcting all
the error patterns of t = [(dmin — 1)/2] or fewer errors, where
[(dmin — 1)/2] denotes the largest integer no greater than (dmin — 1)/2

@ The parameter t = [(dmin — 1)/2] is called the random-error
correcting capability of the code

@ The code is referred to as a t-error-correcting code.

@ A block code with random-error-correcting capability t is usually
capable of correcting many error patterns of t + 1 or more errors.
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A block code with minimum distance d,,;, guarantees correcting all
the error patterns of t = [(dmin — 1)/2] or fewer errors, where
[(dmin — 1)/2] denotes the largest integer no greater than (dmin — 1)/2

@ The parameter t = [(dmin — 1)/2] is called the random-error
correcting capability of the code

@ The code is referred to as a t-error-correcting code.

@ A block code with random-error-correcting capability t is usually
capable of correcting many error patterns of t + 1 or more errors.

e For a t-error-correcting (n, k) linear code, it is capable of correcting a
total 2"~ error patterns.
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Standard Array and Syndrome Decoding
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o Let Vi, Vo, V3, ..., Vo be the code vector of C i.e

C={V1, Va,,..., Vor}. Each code vector i.e for example
Vi=(vo,v1,.-yVn1)

@ Any decoding scheme used at the receiver is a rule to partition the 2"
possible received vectors into 2% disjoint subsets Dy, Do, ..., Dy« such

that the code vector v; is contained in the subset D; for 1 < j < 2k.
@ Each subset D; is one-to-one correspondence to a code vector v;.
@ If the received vector r is found in the subset D;, r is decoded into v;.

@ Correct decoding is made if and only if the received vector r is in the
subset D; that corresponds to the actual code vector transmitted.
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@ A method to partition the 2" possible received vectors into 2% disjoint
subsets such that each subset contains one and only one code vector
is described here.

Step 1.
e First, the 2¥ code vectors of C are placed in a row with the all-zero
code vector v; = (0,0,...,0) as the first (leftmost) element.
Dy, D, ..., D;, D>k
vi = (00...0) wva,..., vi, vk
Step 2.

@ From the remaining 2" — 2K n-tuple, an n-tuple e> of minimum weight
is chosen and is placed under the zero vector v;.

@ A second row is formed by adding e to each code vector v; in the
first row and placing the sum e + v; under v;
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Step 3.

@ An unused n-tuple e3 is chosen from the remaining n-tuples and is
placed under e;.

@ Then a third row is formed by adding e3 to each code vector v; in the
first row and placing e3 + v; under v;.

Continue this process until all the n-tuples are used.

Then we have an array of rows and columns as shown in Fig 3.6

@ This array is called a standard array of the given linear code C
V1:0 Vo Vi Vok
e e+ v e+ v € + Vok
e3 e+ v e+ Vv €3 + Vok
€ e+ w e+ Vi e + Vok
eé’_k eé’_k +wv ... eé’_k +vi ... eg_k + Vok
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Theorem 3.3: No two n-tuples in the same row of a standard array are
identical. Every n-tuple appears in one and only one row. Proof:
@ The first part of the theorem follows from the fact that all the code
vectors of C are distinct
@ Suppose that two n-tuples in the /* rows are identical, say
e + vi = e + vj with i #j
@ This means that v; = v;, which is impossible, therefore no two
n-tuples in the same row are identical
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Proof

It follows from the construction rule of the standard array that every
n-tuple appears at least once

Suppose that an n-tuple appears in both Ith row and the mth row
with [ < m

Then this n-tuple must be equal to el + vi for some i and equal to
em + v; for some j

As a result, e/ + v; = ey, + v

From this equality we obtain em = el + (vi + vj)

Since vi and vj are code vectors in C, vi + v is also a code vector in
C, say vs

This implies that the n-tuple em is in the Ith row of the array, which

contradicts the construction rule of the array that em, the first
element of the mth row, should be unused in any previous row

No n-tuple can appear in more than one row of the array
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From Theorem 3.3 we see that there are 2"/2K = 2"~k disjoint rows
in the standard array, and each row consists of 2k distinct elements

The 2,_, rows are called the cosets of the code C

The first n-tuple e; of each coset is called a coset leader

Any element in a coset can be used as its coset leader
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Szl Aviey et SyiEleme Bezi
o Consider the (6, 3) linear code generated by the following matrix:
011100

G=|101010
110001
Message is of
Uup Ui W
0 0 O
0 0 1
0 1 0
0O 1 1
1 0 O
1 0 1
1 1 0
1 1 1

The coded message is of U.G =
(000000, 011100,101010, 110001, 110110, 101101, 011011, 000111)
The standard array of this code is shown in Table.
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The coded message is of U.G =
(000000, 011100,101010, 110001, 110110, 101101, 011011, 000111) The
standard array of this code is shown in Table.

000000 | 011100 101010 110001 110110 101101 011011 000111
111100 001010 010001 010110 001101 111011 100111
001100 111010 100001 100110 111101 001011 010111
010100 100010 111001 111110 100101 010011 001111
011000 101110 110101 110010 101001 011111 000011
011110 101000 110011 110100 101111 011001 000101
011101 101011 110000 110111 101100 011010 000110
111000 001110 010101 010010 001001 111111 100011
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Standard Array Decoding
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Consider (011100) is the transmitted codeword and the received word
is (001100) which lies in 2™ column whose coset leader e=(010000).
So e is correctable error pattern. v=r+e=
(001100)+(010000)=(011100).

Consider (011100) is the transmitted codeword and the received word
is (010100) which lies in 29 column whose coset leader e=(001000).
So e is correctable error pattern. v=r+e=
(010100)+(001000)=(011100).

Consider (011100) is the transmitted codeword and the received word
is (001010) which lies in 2" column whose coset leader e=(100000).
v=r+e= (001010)+(100000)=(101010), in which there are 3 errors
ocuur in the received vector that is equal to di,, hence it is
undetectable.

Again consider (011100) is the transmitted codeword and the received

word is (101100) and for this error pattern there is no coset leader in
the standard array, so e is uncorrectable error pattern.
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@ A standard array of an (n, k) linear code C consists of 2% disjoint
columns

o Let Dj denote the jth column of the standard array, then

Di={vj,e+vj,e3+vj,...,en« + v} (3.27)
@ v; is a code vector of C and e, e3, ... e« are the coset leaders
e The 2k disjoint columns Dy, D5, ..., Do« can be used for decoding the
code C.

@ Suppose that the code vector v; is transmitted over a noisy channel,
from (3.27) we see that the received vector r is in D; if the error
pattern caused by the channel is a coset leader

@ If the error pattern caused by the channel is not a coset leader, an
erroneous decoding will result
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@ The decoding is correct if and only if the error pattern caused by the
channel is a coset leader

o The 2"k coset leaders (including the zero vector 0) are called the
correctable error patterns.
Theorem 3.4 Every (n, k) linear block code is capable of correcting
27—k error pattern.

@ To minimize the probability of a decoding error, the error patterns
that are most likely to occur for a given channel should be chosen as
the coset leaders

@ When a standard array is formed, each coset leader should be chosen
to be a vector of least weight from the remaining available vectors
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Syndrome Decoding
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o The syndrome of an n-tuple is an (n-k)-tuple and there are 27~
distinct (n-k)-tuples.

@ From theorem 3.6 that there is a one-to-one correspondence between
a coset and an (nk)-tuple syndrome

@ Using this one-to-one correspondence relationship, we can form a
decoding table, which is much simpler to use than a standard array

o The table consists of 2"~ coset leaders (the correctable error
pattern) and their corresponding syndromes

@ This table is either stored or wired in the receiver
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The decoding of a received vector consists of three steps:
Step 1.
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The decoding of a received vector consists of three steps:
Step 1.

@ Compute the syndrome S of the received word r,

S=r.HT =H".r
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The decoding of a received vector consists of three steps:
Step 1.

o Compute the syndrome S of the received word r,

S=r.HT =H".r

Step 2.

@ Locate the coset leader e; whose syndrome is equal to r.HT, then ¢
is assumed to be the error pattern caused by the channel.
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The decoding of a received vector consists of three steps:
Step 1.

o Compute the syndrome S of the received word r,

S=r.HT =H".r

Step 2.

@ Locate the coset leader e; whose syndrome is equal to r.HT, then ¢
is assumed to be the error pattern caused by the channel.
Step 3.

@ Decode the received vector r into the code vector v. i.e., v=r+ ¢

@ The decoding scheme described above is called the syndrome
decoding or table-lookup decoding
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Example 3.8

Consider the (7, 4) linear code given in Table 3.1, the parity-check
matrix is given in example 3.3

The code has 23 = 8 cosets.

There are eight correctable error patterns (including the all-zero
vector)

Since the minimum distance of the code is 3, it is capable of
correcting all the error patterns of weight 1 or 0

All the 7-tuples of weight 1 or 0 can be used as coset leaders.

The number of correctable error pattern guaranteed by the minimum
distance is equal to the total number of correctable error patterns.
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Table: Decoding table for the (7,4) linear code.

Syndrome Coset Leader

(100) (1000000)
(010) (0100000)
(001) (0010000)
(110) (0001000)
(011) (0000100)
(111) (0000010)
(101) (0000001)
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@ Suppose that the code vector v= (100101 1) is transmitted and r
=(1001111)is received code vector.
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@ Suppose that the code vector v= (100101 1) is transmitted and r
=(1001111)is received code vector.

@ For decoding r, we compute the syndrome of r.
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@ Suppose that the code vector v= (100101 1) is transmitted and r
=(1001111)is received code vector.

@ For decoding r, we compute the syndrome of r.

1.0 0]
010
001

S= (1001111 |110/|=011)
011
111
(1.0 1|
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@ From Table 3.2 we find that (0 1 1) is the syndrome of the coset
leader e = (0000 10 0), then r is decoded into
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@ From Table 3.2 we find that (0 1 1) is the syndrome of the coset
leader e = (0000 10 0), then r is decoded into

v = r+4e
= (1001111) + (0000100)
= (1001011)

@ which is the actual code vector transmitted

@ The decoding is correct since the error pattern caused by the channel
is a coset leader.
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@ Suppose that v = (00000 0 0) is transmitted and
r=(1000100)is received code vector.
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@ Suppose that v = (00000 0 0) is transmitted and
r=(1000100)is received code vector.

@ We see that two errors have occurred during the transmission of v.
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@ Suppose that v = (00000 0 0) is transmitted and
r=(1000100)is received code vector.

@ We see that two errors have occurred during the transmission of v.

@ The error pattern is not correctable and will cause a decoding error.
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@ Suppose that v = (00000 0 0) is transmitted and
r=(1000100)is received code vector.

@ We see that two errors have occurred during the transmission of v.
@ The error pattern is not correctable and will cause a decoding error.

@ When r is received, the receiver computes the syndrome.
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@ Suppose that v = (00000 0 0) is transmitted and
r=(1000100)is received code vector.

@ We see that two errors have occurred during the transmission of v.
@ The error pattern is not correctable and will cause a decoding error.

@ When r is received, the receiver computes the syndrome.

s=r.H" =(111)

Manjunatha. P (JNNCE) Linear Block Codes September 21, 2013 78 / 83



SIENGET WA EVET GBSO [T SN B TiI:ll  Standard Array and Syndrome Decoding

Suppose that v = (00000 0 0) is transmitted and
r=(1000100)is received code vector.

We see that two errors have occurred during the transmission of v.

The error pattern is not correctable and will cause a decoding error.

When r is received, the receiver computes the syndrome.

s=r.H" =(111)

@ From the decoding table we find that the coset leader
e= (00000 10) corresponds to the syndromes = (11 1).
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@ r is decoded into the code vector.
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@ r is decoded into the code vector.

v = r+e
= (1000100) + (0000010)
= (1000110)
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@ r is decoded into the code vector.

v = r+e
= (1000100) + (0000010)
= (1000110)

@ Since v* is not the actual code vector transmitted, a decoding error is
committed.
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@ r is decoded into the code vector.

1% = r+e
= (1000100) + (0000010)
= (1000110)

@ Since v* is not the actual code vector transmitted, a decoding error is
committed.

@ Using Table 3.2, the code is capable of correcting any single error
over a block of seven digits.
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@ r is decoded into the code vector.

v = r+e
= (1000100) + (0000010)
= (1000110)

@ Since v* is not the actual code vector transmitted, a decoding error is
committed.

@ Using Table 3.2, the code is capable of correcting any single error
over a block of seven digits.

@ When two or more errors occur, a decoding error will be committed.
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@ The table-lookup decoding of an (n, k) linear code may be
implemented as follows.
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@ The table-lookup decoding of an (n, k) linear code may be
implemented as follows.

@ The decoding table is regarded as the truth table of n switch
functions:

Manjunatha. P (JNNCE) Linear Block Codes September 21, 2013 80 / 83



SIENGET WA EVET GBSO [T SN B TiI:ll  Standard Array and Syndrome Decoding

@ The table-lookup decoding of an (n, k) linear code may be
implemented as follows.

@ The decoding table is regarded as the truth table of n switch
functions:

e = fo(s0,51,.--Sn—k—1)
et = fi(S0,51,--Sn—k—1)
en-1 = fp_1(S0,51,. - Sn—k—1)
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@ The table-lookup decoding of an (n, k) linear code may be
implemented as follows.

@ The decoding table is regarded as the truth table of n switch

functions:
e = fo(s0,51,..-Sn—k—1)
e1 = fi(s0,51,..-Sn—k-1)
en-1 = foo1(s0,51,. .. Sp—k—1)
where sp,51,...,5,_k_1 are the syndrome digits where ey, e1,...,e,-1 are

the estimated error digits
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— Received vector buffer register r
e Syndrome calculation circuit
N Error-pattern circuit
(a combinational logic circuit)

Corrected output
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Example 3.9

o Consider the (7, 4) code given in Table 3.1. The syndrome circuit for
this code is shown in Fig. 3.5.
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Example 3.9

o Consider the (7, 4) code given in Table 3.1. The syndrome circuit for
this code is shown in Fig. 3.5.

@ The decoding table is given by Table 3.2

Manjunatha. P (JNNCE) Linear Block Codes September 21, 2013 82 /83



SIENGET WA EVET GBSO [T SN B TiI:ll  Standard Array and Syndrome Decoding

Example 3.9

o Consider the (7, 4) code given in Table 3.1. The syndrome circuit for
this code is shown in Fig. 3.5.

@ The decoding table is given by Table 3.2
e From this table we form the truth table (Table 3.3)
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Example 3.9
o Consider the (7, 4) code given in Table 3.1. The syndrome circuit for
this code is shown in Fig. 3.5.
@ The decoding table is given by Table 3.2
e From this table we form the truth table (Table 3.3)

@ The switching expression for the seven error digits are
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Example 3.9

o Consider the (7, 4) code given in Table 3.1. The syndrome circuit for
this code is shown in Fig. 3.5.

The decoding table is given by Table 3.2
From this table we form the truth table (Table 3.3)

The switching expression for the seven error digits are

where A denotes the logic-AND operation
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Example 3.9

o Consider the (7, 4) code given in Table 3.1. The syndrome circuit for
this code is shown in Fig. 3.5.

The decoding table is given by Table 3.2

From this table we form the truth table (Table 3.3)
The switching expression for the seven error digits are
where A denotes the logic-AND operation

where ’ denotes the logic:COMPLENENT of s
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Example 3.9

o Consider the (7, 4) code given in Table 3.1. The syndrome circuit for
this code is shown in Fig. 3.5.

@ The decoding table is given by Table 3.2

e From this table we form the truth table (Table 3.3)

@ The switching expression for the seven error digits are

@ where A denotes the logic-:AND operation

@ where ’ denotes the logic:COMPLENENT of s
eo:so/\si/\sé elzs(:)/\sl/\sé egzs(;/\si/\52
e3:so/\s;ll/\s2 €, =53 A1\ es =59 \NS1 A\ S
I AR IANC))
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Received

e I o N o

Corrected Vector
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