Chapter 1

Transient behavior and Initial Conditions

1.0.1 Introduction:

Most of the transmission lines, electrical circuits and communication networks are made up of network
elements like resistor R, inductor L, and Capacitor C. These networks are connected by voltage and current
sources. It is most useful to understand the behavior of the network when we switched on the network by
supplying voltage source. It is most important to determine the transient response of R-L, R-C, R-L-C
series circuits for d.c and a.c excitations.

Assuming that at reference time ¢t = 0, the switch in the circuit is closed and also assuming that switch
act in zero time. To differentiate between the time immediately before and immediately after the operation
of a switch, is represented as ¢t = 0~ and ¢t = 07 signs are used. The condition existing just before the switch
is operated will be designated as i(07), v(07), ¢(0~) and the conditions existing after closing of a switch is
designated as as i(07),v(0"), ¢(0T). Also initial conditions of a network depend on the past history of the
network prior the closing of the network at ¢ = 0~ and the network structure at t = 0T, after switching.

The evaluation of voltages and currents and their derivatives at ¢t = 0+, are known as initial conditions
and evaluation of condition at t = co are known as final conditions.

The following are the objectives of studying the behavior of the circuit for Initial-Conditions:

e The most important reason is that the initial and final conditions must be known to evaluate the
arbitrary constants that appear in the general solution of a differential equation.

e The initial conditions give knowledge of the behavior of the circuit elements at the instant of switching

e The final conditions give knowledge of the behavior of the circuit elements after the settling of circuit
att = o0
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1.1 Initial Conditions

Resistor

Consider a circuit which consists of resistor R
connected as shown in Figure 1.1. The circuit resistor
R is connected by a voltage source V in series with
switch K as shown in Figure.

Figure 1.1: Series resonance circuit

When the switch K is closed at t=0 the current I
is flowing in a circuit and is given by

I=—
R

Inductor

Consider a circuit which consists of inductor L
connected as shown in Figure ?? (a). The inductor
L is connected by a voltage source V in series with
switch K as shown in Figure. When the switch K
is closed at t=0 the current flowing in a inductor at
t = 0T is zero, the inductor acts as a open circuit at
t = 0" which is as shown in Figure 7?7 (b).

Kt=0+

Figure 1.2: Inductor circuit

final-condition of an inductor circuit is

The
derived from the following relationship.

Under steady state condition, rate of change of
current flowing in inductor is % = 0. This means, v =
0 and hence L acts as short at ¢ = co. The equivalent
circuits of an inductor at t = oo is as shown in Figure

1.3

Figure 1.3: Inductor circuit at ¢t = 0+

Capacitor

Consider a circuit which consists of capacitor C
connected as shown in Figure 1.4. The capacitor is
connected by a voltage source V in series with switch
K as shown in Figure 1.4. When the switch K is
closed at t=0 capacitor C acts as short circuit and
current flows in a capacitor instantaneously.

A
/E:C Vo

Figure 1.4: Capacitor circuit at ¢t = 0+

K. t:‘0+

SC

If the capacitor is initially charged with charge
qo coulombs at t=0-, then at t=0+ the capacitor is
equivalent to voltage source vg = € which is as shown
in Figure 1.5

Kﬁ
. C l+
\% I -
/) Yo =L
C

Figure 1.5: Capacitor circuit at ¢t = 0+

K =0+

The final condition of capacitor circuit is derived
from the following relationship. The voltage across
capacitor is

dv
U—Ca

Under steady state condition, rate of change of
capacitor voltage is (C%’ = 0. This means, v = 0 and
hence C acts as open circuit at t = co. The equivalent
circuits of a capacitor at t = co is as shown in Figure
1.6

_K‘7§ K =0
- i .C—l = 7 l
VT /3 I VT /D ocC

Figure 1.6: Capacitor circuit at ¢t = oo

If the capacitor is initially charged with voltage vg
then the final condition at ¢ = oo of a capacitor
circuit is replaced with voltage source vy with open
circuit which is as shown in Figure 1.7

—_ o™
T

K K

V(J:E
i. i.
v /D ‘;0:& v /D ocC
‘ C ?

Figure 1.7: Capacitor circuit at ¢t = oo
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Table 1.1: Initial and Final Conditions

at t=0- at t=0-+ at t = oo
R R R
—A\\\—e —\\A\—e —A\\\—e
0—(6%0‘)—0 ._.O. Co—o .L.
L IO *— l() —®
o (WL'g o —O)— -
—|—o s.Cc 0.C
.—(::}—. 0.C
.__|C|+_. V :% q, o
90 C V:E

Procedure for Evaluating Initial Conditions:

1.

Before closing or opening the switch at t=0- find the history of the network, at t=0- find i(0-), v(0-),
i.e., current through inductor and voltage across the capacitor before switching

. Draw the circuit after switching operation at t=0+.

. Replace inductor with open circuit or by current source having source

. Replace capacitor with short circuit or with a voltage source v, = q?o if it has an initial charge ¢q.
. Find i(0+), and v(0+) at t=0+

. Obtain an expression for % and find % at t=0+

dt

Obtain an expression for % and find % at t=0+

. Similarly determine voltages across circuit elements and its derivatives.
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1.2 Solutions

Q 1) In the circuit shown in Figure 1.8 the switch K Find the values i, % and 272; at t = 07, for element

is closed at t = 0, with capacitor uncharged. Find values as follows V=100 V R=10Q and L =1 H.
; 5

the values 1, % and ZT; at t = 07, for element values

as follows V=100 V R = 1000 ©Q and C =1 pF.

5

Figure 1.10: Example

Solution:
Figure 1.8: Example di
Solution: Ri+ La =V (1.2)
KVL for the given circuit is At t = 07 the inductor acts as open circuit which is
as shown in Figure 1.11
L[ ,
Ri+ ° /zdt =V (1.1) i(07) =0
At t = 07 the capacitor acts as short circuit which is K R
as shown in Figure 1.9 |
\Y i(0+)
Ri(0") = V | I
v 100
0ty - Y _
i(0m) = R 1000 0.1 Figure 1.11: Example
From equation 1.2 and substituting initial conditions
=0+ di
Wy LS = VR
D | C“
s i di
Ld—z(OJF) = V= Ri(07) =100 -0
di V100
Figure 1.9: Example %(04_) - 7T 1 T 1004/ sec
Differentiating equation 1.1 d?i R di 10
& 0t = —=207) = —— x 100
g i dt Ldt ) 1
R£ + c= 0 = —1000A/sec
Substituting initial conditions Q 3- 2014-JAN) In the circuit shown in Figure 1.12
the switch K is closed at ¢ = 0, with capacitor
R@(O”L) N i(0t) 0 uncharged. Find the values of i(0%), %(0%) and
dt C ﬁ; 0T) for element values as follows, V=10 V R =
di ’
ﬂ(o*) __i(0%) 10Q L=1H and C = 10 pF and v.(0) = 0.
dt RC K L
di o) = — 0.1 R
dt ~ 1000 x 1 x 106 |
= —100A/sec \Y% /D C
d*i, 1 di, . T T
2" = “rea)
1 Figure 1.12: Example
= - : —(—100) )
1000 x 1 x 10-6 Solution:
1
= — —100 di 1
1000 x 1 x 10_6( ) Ri+L¢lj§+0/idt:0 (1.3)
= 1x10°A/sec?
At t = 0T the inductor acts as open circuit and

Q 2) In the circuit shown in Figure 1.10 the switch K capacitor acts as short circuit which is as shown in
is closed at ¢t = 0, with zero current in the conductor. Figure 1.13
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R
——W\—

Figure 1.13: Example

i(07)=i(0%") =0

R(0+)+L OJr C/ (0+)dt = V
R><O+Ld 0+)+0 =V
di
L—(0 =V
2 (0F)
di vV 10
a® =TT
= 10A/sec
Differentiating equation 1.3
di — d% i
R—+L—+4+—==0
atta e
Substituting initial conditions
di d%i (0+)
R—(0")+ L—(0") + =0
dt( )+ dt2( )+ C
d%i i(0T)
1 1 L— (0" =
0x 10+ dt2(0 )+ C 0
d*i, —-100 —100
e = T
= —100A/sec?

Q 4) In the circuit shown in Figure 1.14 switch S is
changed from position a to b at t = 0. Steady state
conditions have been reached at ¢ = 0. Find the
values of 4, % and dtg at t = 0" with capacitor is
initially uncharged.

dt
15 1000 Q
100

01;1F

Figure 1.14: Example

Solution:

At t = 0~ the inductor acts as a short circuit which
is as shown in Figure 1.15.

Ri(07) = V
V100

(07) = —=—" —01A

i(07) R~ 1000 0

Current through inductor cannot change instanta-
neously, i(07) =4(07) = 0.1 A, and it is given that
capacitor is initially uncharged v.(07) = 0 and also
ve(0T) = 0.

100 V+

Figure 1.15: Example

When switch is at position b, and at t = 0T, the

circuit is as shown in Figure 1.16.

1000 Q

[ )
To.1uF

Figure 1.16: Example

1H

Ri+ L— —i—C/zdt—O (1.4)
At t=0"
Ri0N) + 2% 0 + 1 /i(oﬂdt =0
dt C
It is given that capacitor is initially uncharged

é/i(oﬂdt =0.(07)=0

Ri(0%) + th((ﬁ) =0

di
1000 x (0.1) +Ldt(0+) =0
di
L—(0") = -100
7 (07)
di —100
~(ot)y = —=
dt( ) 1
= —100 A/sec
Differentiating equation 1.4
di d2i i
Rt to="
Substituting initial conditions
di d%i i(0")
R—(0M) + L—(0%) + =0
dt( )+ dt2( )+ C
d%i 4 0.1
d*i + 5
p7e] (07) = —9 x 10°A/sec?

Q 4-2 JAN-2014) In the circuit shown in Figure 1.17
switch K is changed from position a to b at t=0,
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Fac . 43 Avino d?
bte.ddy' state §0nd1t10n having ‘b-eend reache(j before i (07) = 200-2x 106
switching. Find the values of 7, g and H§ b at dt
t=0%. = —1.9998 x 10°A/sec?
ask 100
RO
20 V= N . . .
1 uF Q 4-3) In the circuit shown in Figure 7?7 K is changed
from position a to b at ¢ = 0, steady state condition
Figure 1.17: Example having been reached before switching. Find the
values of 1, @ and th’ batt=0".
Solution: —
20 QO
When switch is at position a and reached steady @
state, which is as shown in Figure 1.18(a). bl /D
40 V=
o 2,uF
Ri(07) =V
V20
i(07) = —=—=2A4 i :
i(07) R 10 Figure 1.19: Example
When the switch is at position b, the circuit is as Solution:

shown in Figure 1.18 (b) Before connecting to position b 1.20(a)

alk 100 100 Ri(07) = V
[ ]
. o V40 ,
vt ) 20V 7 ) 1H i(07) = = =55=24=i(0")
® Tl HF
When switch is at position b,and at t=0+ circuit
(a) (b) which is as shown in Figure 1.20 (b)

Figure 1.18: Example a | k' 200 20 Q)

[

i
= . 40V— /D 2H
Ri+ L— +C/zdt 0 (1.5) ! 2 UF

(a) (b)

At t=07F

+ )
Ri(0 )+L 0+ C/ (0 Figure 1.20: Example

It is given that capacitor is initially uncharged di 1
) Ri+Ldt+C/idt:0 (1.6)
1 /2‘(0+)dt — 5 (01) = 0
C
di + ) Hdt =
R(0+)+Ld (0+) I Ri(0 )—{—L 0 C/ (0 =
10 x 2+ 1i(0+) = 0 It is given that capacitor is initially uncharged
dt
di [
dz (0+) = =20 A/Sec 6 /1(0+)dt = /Uc(0+) =0
Differentiating equation 1.5 i
di i R(0+)+Ld(0+) =0
R—+L— =0
dt * dt2 c di, .
20x2+2—(0") = 0
Substituting initial conditions Eil 10
i _
di 22 i(0+) —(0%7) = —==-20 A/sec
RZ(07) + L@(oﬂ tog =0 dt 2
22 5 Differentiating equation 1.6
1 20) +1—5(0") + ——— =
0 x (—20) + dtQ(O) 1% 106 0 RﬂJFL@Jri_O
. dt2 O
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Substituting initial conditions Ri(0 +) N L O+ / ()+ o
C
dZ n d?i 4 '(0+)
di
20 % (—20)+ 25 0ty — 2 — ¢ dt(0+) —  _40A/sec
dt? 2x10-6

Differentiating equation 1.7

d?i
2ﬁ(o+) =400 — 1 x 10° = —0.9996 x 1054 /sec? ,
@i, —0.9996 x 10° A RY  pTT L1
T3 (0%) = —————— = —0.4998 x 10°A/sec dt -~ “dt?2  C

Substituting initial conditions
Q 4-4-1- 2018-JULY) In the circuit shown in Figure

1.21 the switch S is changed from position a to b at RdZ (07 + Ld (07 + i(0%) -
= 0, steady state condition having been reached dt dt? C
before switching. Find the values of i, % and ZTQZZ at d%i n 0
/ it 2 4 1— =
f— 0+ 0 x (—40) + dt2(0)+0 0
d%i
aky 200 C0") = 8004/sec?
b dt
VT 1H T HE . . . .
Q 5) In the circuit shown in Figure 1.27 the switch
was in position a for sufficiently long time to have
Figure 1.21: Example achieved steady state. At t=0, the switch was

changed from a to b. Determine I;, and v. their first

Solution: and second derivatives at t=0+.

When the switch is at position a, and at ¢ = 0~ the —S 1H

circuit is as shown in Figure 1.21. When the steady b

state is reached, capacitor is fully charged with a a_T_

capacitor voltage v.(07) = 40V and current in the VTV @ 1Q
circuit i.(07) = 0.

26T 200 Figure 1.24: Example
Solution:

VT v.(07) =40V o . L
When switch is at position a and at t=0- the circuit
is redrawn which is as shown in Figure 1.25
Figure 1.22: Example l
At t = 07 the circuit is redrawn and is as shown in 5V v.(0) iz@ 1 Q
Figure 1.23 (a). ?
1 ) : .
& /z(O*)dt = v,(01) = 40V Figure 1.25: Example
20 Q) 20 Q S 5 '
i1(07) = I=5A:zl(0+)
C | uF i2(07) = 5 A=1iy(0")

v(07) = 5V 0 (0")=5V

When switch is at connected to b, and at ¢ = 0 the
circuit is redrawn which is as shown in Figure 1.26

Figure 1.23: Example

At t > 07 the circuit is redrawn and is as shown in

09!
Figure 1.23 (b). J_
v @ Tl ﬂ@

Ri+ L= +C/zdt_0 (1.7)
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Figure 1.26: Example Figure 1.28: Example
di
120 4 e(t) = 10 (1.8)
dt Ryi(0—) = V
di i(0—) = K
E(0+) = 10—-v.(07) =10 — 5 =5A/sec T Ry
The voltage across capacitor is Also

ve(0=) =0V v (0+)=0V

1 ) .
ve(t) = C/(Zl — iz)dt (19 When switch is opened at t=0 circuit the voltage

. _ . across the switch K is
Differentiating above equation.

dvc(t) 1, | 1 1
Differentiating equation 1.8 . %4 R
0p(0+) = Ryi(0+)+0=Rj— = V="
T _ LG _iy=Lis-5=0 111 e
o —ola—i)=506-5= (1.11) dvst(t) _ R1%+é
Differentiating equation 1.10 dvg(t) 1 1
0+) = Ri(-))+===—-—R1V/s
dt Cdt dt Q 7) In the circuit shown in Figure 1.29 the
Substituting initial conditions steady state is reached with switch is open. At
) ' ' t=0, the switch K is closed. Find the values of
d“vc(t) (0t) = 1 %(OJF) _ dia(0+) Va(0—) and V,(0+)
dt C | dt dt
1 AN
= 7 [5—0] = 5V/sec2 v
Vb
100 ¢ 20Q
Q 6) In the circuit shown in Figure 1.27 the switch 5 \/J..- 2 uFT
is opened at t=0, after the network has attained 100
the steady state with the switch closed. (a) Find

an expression for the voltage across the switch at

t=0+, (b) If the parameters are adjusted such that

i(0+)=1A and %(0+) = —14/sec, what is the value Solution:
of the derivative of the voltage across the switch.

Figure 1.29: Example

When switch is opened and when steady state is

K R, reached capacitor acts as an open circuit there is no
® — W current flows in a capacitor path, which is as shown
|J in Figure 1.30
Y R “ N L
T : C i)

10 Q
MV
Figure 1.27: Example v v,
Soluti 1004 20Q
tion: =
olution 5= :
When switch is closed attains steady state is in which 100
L acts as short circuit and capacitor acts as open

circuit which is as shown in Figure 1.28
Figure 1.30: Example

R,
* J YW v0=) =5V  up(0-)=5V
vV g L vy is a Voltage across capacitor which is
g
u(0=) =5V u(0+)=5V
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When switch is closed at t=0 apply KCL to node
a and by initial conditions

Vg—D Vg Vg — Up
~a = 0
10 +10+ 20

Va(04+) =5 va(04)  va(04) —vp(0+) 0
10 10 20
0a(0+) =5 v(0+)  va(0+) -5 0
10 10 20

va(0+)+va(0+) va(0+) -5 -5 0

10 10 20 10 20
504(0+) =15 0

20 20

5u,(0+) 15
20 20

1
va(0+) = 35 = 3Volts

Q 8-2019-JAN) In the circuit shown in Figure 1.31
the steady state is reached with switch is opened,
at t=0 the switch k is closed. Find voltage across
capacitor, initial values of il,ig,%,% at t=0+
and find %L (c0) where V=100V, Ry = 10Q, Ry =
202, R3 =209, L =1H,C = 1uF

R

1 il R2i2¢ R3

LC'|'

Figure 1.31: Example

<
1|
jI

Solution:

When switch is opened and when steady state is
reached capacitor acts as open circuit and inductor
acts as short circuit which is as shown in Figure
1.32(a).

0A
V 100
— = _——=3334
R1 + Ry 30
Voltage across capacitor is same as the voltage across
resistor Ra.

0e(07) = i1(07) X Ry = 3.33 x 20 = 66.67V

2‘2(07) =
i1(07) =

MV
l R, i R, 1SRy l R, ill R, 18R,
A% ‘!' ’2* A% lzl

L 3.33A
66.6 V

(@) (b)

66.6 V

Figure 1.32: Example

When switch is closed at t=0 Ry is short circuited.
Inductor acts as current source with a value of 3.33

A and capacitor acts as voltage source with a value
of 66.67 V which is as shown in Figure 1.32(b).

100 — 66.67
i2(07) = —20 1.67
For the inductor branch
. diy
Ryiy(t) +L— =V
211 (t) + o
di (0T) )
L = V — Ry (07"
dt 211(07)
0+
1 4107) 100 20 x 3.33
dt
di (0t
Zlc(lt ) = 33.34/sec

For the capacitor branch

Rsia(t) + é /ig(t)dt =V

Differentiating we get

Rgdzflit)+(1;,i2(t) =0
R3dz'gc(£+) éi2(0+) _ 0
M = mo)
= —mm?s
— 83500 A/sec
dilcgfo) = %:514/560
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