Chapter 1

Laplace Transform

If f(t) is a function in time, and its Laplace
transform F(s) is expressed as:

LIfO) = F(S) = [ 1 de (L)
0

Q 1) Find the Laplace transform of the unit step
function as shown in Figure 1.2.

ftyh
u(t)

Figure 1.1: Step function

Solution:

The unit step function is defined as

u(t) = {

1, fort>0
0, fort<O

Q 2) Find the Laplace transform of the f(t) = e
where a is constant.

Solution:
Lif®)] = [ f)etdt = [ e™e at
[

= /e_(s_a)tdt [— ! e‘ﬂ _ 1
s—a g S—a

0

Similarly Laplace transform of the f(t) = e~ is

Lf(t)] = /f(t)eStdt = /eateStdt
0 0
_ /€(s+a)tdt |:_ 1 est:| OO — 1
s+a 0 s+a

0

Q 3) Find the Laplace transform of the f(t) = sinwt.

Solution:

[e.e]

Lifit)] = /f(t)e_Stdt:/sinwte_Stdt
0 0
_ / ejwt _ .efjwt —Stdt
2]
0

RN 1] 1 2w
2 |s—jw s+ jw 27 82 + w?
- w
o s24w?

Q 4) Find the Laplace transform of the f(t) = coswt.

Solution:



Chapter 1. Laplace Transform

Lf(t —to)u(t —t,)] = f(t)e stat

=

—

=
I

o
f(t)e stdt = /coswte_Stdt
0

_ / elwt —i— e It o5t L = F(t = to)u(t —to)e*dt

0\8 0\8

0 0 |1, fort>t,
= 2i / (o= J“’t)dt+/( (et gy ult ~ o) _{ 0, fort<t,
0 0
1 Lo ]t 2 L{f(t —to)u /ft—t e Stdt
2 |s—jw  sH+jw| 2s24w?
s
= N Let r=t—t, t=1+1,
Q 5 2011-DEC-7a) Find the Laplace transform i) LIf(t = to)ult —t,)] = /f Je *(THe) g
sin’t ii) cos?t, iii) sinwt 0
i) sin’t
= et / f(r)e*Tdr
f(t) = sin’t L 0
1 — cos2t 1 1 = e °F(s)
f(t) = ? = 5 — §COS2t
Differentiation in Time domain
Fs) = 5 5|2
T 252|214 If Lif(t)]=F(s) then
s2 44— 52
_ daf (t
= %@y L[ I0] =57 - 10
_ 2
B 244 Let
dt
ii) cos’t
) = cos L) = [ et
1 2 11 0
() = L cosat = -+ -cos2t
2 2 2 oodf(t)
F 1 1 S Y[S] = /dte_Stdt
(s) = 25+2LQ+J ;
B s2 +4 4 52 Integrating by parts
 2s(s2 4+ 4) ~
_ 2(32 +2) Yis] = —stf /f —st dt
2s(s% +4) "
. 82 + 2 oo
T s(s2+4) = /f e Stdt
0
= —f(0) +sF(s)
Time Shifting Property = sF(s) = f(0)
imilarl
If L[f(t)]=F(s) then, for any real number ¢, Similarly
df(t _ .-
. L[EHO) ) = g0 = 0
L{f(t —to)u(t —t,)] = e "5 F(s) ¢
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Chapter 1. Laplace Transform

Integration in Time domain F(s) _ [eSty(t)] 0 B /y(t)eSt ()it
If t § $ 0o §
y(t) = | f(r)dr - e Y 5)d
0/ y<t>[s}0+o/y<t>s<>t
then
s Att=o00
Liy(n)] = v () = T =0
and
Lift)] = F(s)= / f(t)e *tdt y(t) = / f(r)dr
0 0
0
Divide both sides by s y(0) = /f(T)dT =0
0
F(s) T et Hence
= ft dt S
. 0/ ()~ ¥ (s) = Fi )
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Chapter 1. Laplace Transform

Table 1.1: Laplace Transform

Function | Laplace Transform | Function | Laplace Transform
u(t) % d(t) 1

T T

eat Sia e—at SLH

te™™ GiaP te™ T ap

ef(t) | F(S—a) e f(t) | F(S+a)

sinwt ﬁ coswt Sing

e~ YUsinwt (SJFCL;"W e %coswt %

Q 1) Find the Laplace transform of the unit step
function as shown in Figure 1.2.

ftyh
1 u(t)

Figure 1.2: Step function

Solution:

The unit step function is defined as

|1, fort>0
u(t)—{ 0, fort<O

Lif(t)] = 7 f(t)e stdt = 716_Stdt
0 0
F(s) = [—ie“]:o = é

Q 2) Find the Laplace transform of the unit step
function u(t-1) as shown in Figure 1.3 (a).

f(t)A
u(t-a) 1

f(t)

1 u(t+a)

0 a t -a 0 t

Using Time shift property

LIf()] = / F(t)e=stdt = / u(t — a)e—*tdt = ée—as
0 0

Q 3) Find the Laplace transform of the unit step
function u(t+1) as shown in Figure 1.3 (b).
The unit step function is defined as

|1, fort>—a
u(t—i—a)_{o’ Fort < —a
Using Time shift property
o0 0o 1
LIf(0)] = /f(t)e_Stdt = /u(t +a)e *tdt = Ee‘“
0 0

Q 4) Find the Laplace transform of the unit ramp
function r(t) as shown in Figure 1.3 (b).

The ramp function is defined as

r(t) = {

LIf(t)] = Fls] = / F(#)estdt — / te—dt
0

0

0, t<0
t,t>0

Integrating by parts and substituting limits

(a)

(b)

Figure 1.3: Step function

Solution:

The unit step function is defined as

u(t

-]

1, fort>a
0, fort<a

o t _gt700 1 o)
=S Jo S
0 0

Q 5) Find the Laplace transform of the unit ramp

1 [e st 1
S0
S —S 0 S

function r(t) as shown in Figure 1.4.
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Chapter 1. Laplace Transform

A r(t)=1 Figure 1.6: Unit ramp function
f(t) \y The ramp function is defined as
1
| “A(t+a), t>a
r(t) = { 0, t<0
o [e.e] A
Figure 1.4: Unit ramp function Lif(t) = /f(t)e_Stdt = /(t —a)e dt = —8—26_“5
The ramp function is defined as 0 0
(1) = t,t>a
= 0,t<0 Q 8) Find the Laplace transform of the stair case
o 0o waveform as shown in Figure 1.7.
1
Lif(t)] = e stdt = [ te Sdt = —
£0] = [ retar= [ e d = W,
0 0 FN B R E
Q 6) Find the Laplace transform of the unit ramp 1 0 e

function r(t) as shown in Figure 1.6 (a).

r(t)=V(t-a)u(t-a)
4 f(t)A i

N . ,

Figure 1.7: Staircase function

The ramp function is defined as

r(t)=-V(-a)u(t-a)

1, 1<t<?
(@) (b) 2,2<t<3
Figure 1.5: Unit ramp function u(t) = Z’ i < i < ;1
The ramp function is defined as 0’ o tZer;iSS
o _Jt=a)t>a ’
Ar(t a)—{ 0. t<0
00 uw(t) = [u(t — 1) —u(t — 2)] + 2[u(t — 2) —u(t — 3)]

o0
A
L[f(t)] :/f(t)e Stdt:/(t—a)e stat = =€ as
0 0
Q 7) Find the Laplace transform of the unit ramp
function r(t) as shown in Figure 1.6 (b).

OVt 4 ut) = [u(t—1) —u(t—2)] +2[u(t — 2) — u(t — 3)]
fit) fit) + Bu(t —3) —u(t —4)] + 4[u(t — 4) — u(t — 5)]
1 \; 1 = w(t—1)+u(t—2)+ult—3)+u(t—4)
—4u(t —5)
r(t)y==-V(t-a)u(t-a)
(a) (b) U(S) — 1[6—5 +e—28 +6—3s +6_4S _46—53]
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Chapter 1. Laplace Transform

Q 1) Find the Laplace transform of the square wave as shown in Figure 1.8.

f(t)
v

3T

4T t

Figure 1.8: Square wave

Solution:

By considering one complete cycle from 0 to 2T

f(t)

Y,
t
N T 2T 3T
f(t) f(t)
y Vu(t) + v
t t
v T 2T 3T Y T 2T 3T
2V
—2Vu(t—-T)
fit fi(t
W © Vu(t—2T)
v + v R
t
v T 2T 3T v T 2T 3T
f(t)
v
t
v T 2T 3T

Figure 1.9: Square wave

AW = Vu(t)—2Vu(t — T) + Vu(t — 2T)

1 1 1
Fi(S) = V=—2V=e 194 ye 2152
S S S
= v [1 —2e7 19 ¢ e_2TS]
S
= Loy
S

Laplace transform for complete periodic waveform is

=
Ly
—
~
=
I
—

1] v

~
~
—~
~
=
I
| —
—_
(‘h‘
»
[\
S
S~—

r (1 _ efsT)Q ]
1+ (e=T)(1 = (e=*T)
(1—eT)

(14 esT>]

W< ©»l < nl<
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Chapter 1. Laplace Transform

Q 2) Find the Laplace transform of the waveform as shown in Figure 1.10.

f(t)

\%
T 2T 3T 4T %
Figure 1.10
Solution:
14
?’” (1)
f(t) f(t)
\% \%
+
> t S > t
T 2T 3T T 2T 3T
y ¥
——r(t-T
T
f(t) f(t)
V| e v
+
> t . > t
T 2T 3T T 2T 3T
v ---------- / —Vu(t-T)
f(t) %
V
» t
T 2T 3T
Figure 1.11

By considering one complete cycle from 0 to T Laplace transform of the complete periodic waveform
is

14 14 __R(s)
Lift)] = mr(t) = mr(t=T) = Vu(t = T) F(S) = {— T3
V1o VI el 1 _7g _ 4 1—e TS _pge=TS
Fi(S) = TE T [e 82} —Vge TS2(1 — e—15) [1-e Se™7]
Vv _ _ _ 4 _-TS _ -8
= T7‘92 [1 — € TS _ TSC TS:| - TSQ(l _ efTS) [1 € TSG ]
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Chapter 1. Laplace Transform

Q 3) Find the Laplace transform of the waveform as WO £
shown in Figure 1.12. 2 2
| 115 2 3t | ™5 2 3Tt
6r(t-17,
it Z0) o
f(t) 2 2 10r(t-1)
b S NE AN
| 118\ 2 3 | 115 2 3t
115 2 3 t
. f(t ()
Figure 1.12 ) 2
115 2 3 %t 115 2 3 7t
12(t-2)
: (t) )
Solution: (1)
2 2 12r(t:3)
115 2 g 115 2 3 %t
ft)
2
115 2 3
Figure 1.14

F(t) = 2r(t) —6r(t — 1) + 107(t — 1.5) — 12r(t — 2)

+12r(t — 3)
2 6 _, 10 0 12 _, 12 _,
F(S) = ?—?€S+37€ s—ge S+72€ s
Figure 1.13 = 32 [1—3e +5e715% — 62 + 6]
S
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Chapter 1. Laplace Transform

Q 4) Find the Laplace transform of the waveform as shown in Figure 1.15.

Solution:

Vu(t)
1 v
+
T T T Y
RY Y
2
——r(t .
T ()
() f,(t)
)%
\ + \Y TI"([ — T)
T T
-V -V
f,(t f, (1)
«© ) Vu(t-T)

2 4

Figure 1.16: Sawtooth Wave
By considering one complete cycle from 0 to T

2V 2V
ft) = Vu(t) — ?T(t) + ?T(t —T)+Vu(t—-T)
A A1 P I L
Fi(S) = . TSQ+T[6 SQ]—i-Se
14 —rs1 2V -TS
Laplace transform of the periodic waveform is
Fi(9) 1 14

F(S) = -75) _ 2V [1 - ¢=T]

TS?

= — |1
l—e TS5 1—-eT55 [
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Chapter 1. Laplace Transform

Q 5) Find the Laplace transform of the waveform as shown in Figure 1.17.

f(t)
(VA IO

-t

a4

0 t T-t, T

Figure 1.17: Trapezoid Wave
Solution:

o
—
O’-"
—HVv
o
L
=
o
1
|
| <+
/
—~ VY

Slope :Z
t T4, T ’
0 t, T—tlo Tt
Figure 1.18: Trapezoid Wave
f@) = filt) + f2(t) + f5(t) + fa(t)
= thu(t) — tK(t —to)u(t —tg) — tK[t — (T —tp) —u(t — (T —tp))] + tK[t —T)—u(t—T)]
0 0 0 0

V1 _ V1w V1 ts V1 15
to S2 t() 82 t() 32 t() 82
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Chapter 1. Laplace Transform

Q 6) Find the Laplace transform of the waveform as shown in Figure 1.19.

O A
2 |eeeaenans

[«]
N
N fececanaaas

Figure 1.19: Trapezoid Wave

Solution:

Slope = %r(t)

\ 4
A 4

2
Slope =———r(t-2
)% 05 (t=2)

f) o £,

2 |-eeeeeens . ) + v 5
\ Slope = n r(t —3/

0 1 2 3 t 0 1 2 3
2
O A £() A
2 |, + 2
0 1 2 3 t 0 1 2 3 AN
2

2 2 Slope = —Tr(t -4)
oA .

Figure 1.20: Trapezoid Wave

f@) = A@)+ fo(t) + fo(t) + falt) + f5(2)
= 2r(t)u(t) —2r(t — Du(t — 1) — 4r(t — 2)u(t — 2) + 6r(t — 3)u(t —3) — 6r(t — 4)u(t — 4)
2 2 . 4

6 6
F(s) = &5 — e 2 — e 4 e - et
() sz 52 52 52 52

Dr. Manjunatha P Professor Dept of E&CE, JNN College of Engineering, Shivamogga—manjup.jnnce@Qgmail.com 11



Chapter 1. Laplace Transform

Q 7) Find the Laplace transform of the waveform as shown in Figure 1.21.

O
V --------- (d h
0 a 3a 4a 5a' t
Figure 1.21: Trapezoid Wave
Solution:
—r(1)
£y, 9 f(t)
Vv Vv
| a a t a. 3a "t
Ay
W, ——r(t—a)

\\ a
f(t) fa(t)
Vv V

3a 3
» ——r(t—3a
: : > =30
@ a0 7
f(t) ) —r(t—4a)
\Y \ \ ga -

\ 4
\ 4

2
N/

Figure 1.22: Trapezoid Wave

E
Slope = —
to

f@) = fi(t) + fa(t) + f3(t) + fat) + f5(2)

Vv \%4 Vv %
= “r(t)— —r(t—a) — —r(t— ot —4
ar( ) ar( a) ar( 3a) + a?“( a)
V.1 1 —as 1 —3as 1 —4as
F(s) = a[32_§€ -t +a¢ ]
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Chapter 1. Laplace Transform

Q 8) Find the Laplace transform of the waveform as shown in Figure 1.23.

fit)

1V :
T T t
2
Figure 1.23: Trapezoid Wave
Solution:
2
Zr@u(t
w, 1 O a0
v v
+
T T t T T t
2 2 2
g =T/ 2u(t=T 2)
f,(t) fy(t)
v v
+
T ~_ 1
2 2 2
=T 2u(t~T12)
f(t) 4 f,(t)
v v
2
Zrt=T)u(t
Tr( u(r)
T ™ T 1 %
2 2
N
v
T 1
2

Figure 1.24: Trapezoid Wave

f@) = fi(t) + fo(t) + f3(t) + fa(?)

2 2
— Tr(t) - TT(t — T/Q) — *’I“(t — T/Q) + *T‘(t _ T)
2 4
= Zr®) = Frt—=T/2)+ Zr(t=T)
F(S) = %[;12 _ 87126*'11/25 12 e,T/QS 4 ]_2 e*TS]
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Chapter 1. Laplace Transform

Q 9) Find the Laplace transform of the waveform as shown in Figure 1.25.

f(t) 5

\Y,

Solution:
fi(t) f5(t)
1 vA ut) 2 v
+
0 7 2 >3 >
0 1 2 3 Slope = v
Vr(t-2) 1
f(t) o f5(t)
Vv v
+ Slope =— Vr(t-3)
0 1 5 3\ ¢ 0 1 2 3 '
(1) o
Vv j
0 1 2 3 t

Figure 1.26: Trapezoid Wave

i) + f2(t) + f3(2)
u(t) + %«(t P %«(t _3)

ViV g
- - =

Vv
—3s
+ —e
s 52 52
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Chapter 1.

Laplace Transform

Q 10) Find the Laplace transform of the waveform as shown in Figure 1.27.

ft)
VW

_V

Figure 1.27: Square wave

Solution:

By considering one complete cycle from 0 to T
fi(t)

V/\ ZTK-\ 47
N/

Vv
f,(t) ]

L M
T W\

V/-\

T 2T

3T ¢

Figure 1.28: Square wave

Sinusoidal signal has a one cycle duration of 2T.

1 s
w wf T =T
w
Lisi = —
[sinwt] 12
. T LT
Llft)] = Vsmftu(t) + Vsmf(t —Tu(t—T)
F S _ T T efTS
. S+(F) P+ (F)
T T8
= 1+e
Laplace transform of the periodic waveform is
F1(95)
F(S) = 1—¢e TS
a 1
T -TS
52+ (%) [ J (1 —e-T5)

Vv

- TS -TS
TS0 = 67TS) [1 e TSe ]
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Chapter 1. Laplace Transform

Q 11) Find the Laplace transform of the waveform as shown in Figure 1.29.

>
1 2 25 3 t

Figure 1.29: Trapezoid Wave
Solution:
27 27

w:27rf:—:7:7r(ForsinewaveTzQ)

ft) = H@)+ fa@t) + f3(2)
= Visinmt+ Visinm(t — 1) + &r(t —2)u(t —2) — ﬁr(t —2.5)u(t —2) + &r(t —3)u(t — 3)

0.5 0.25 0.5
T 7T - 2Va Ve _pa5 22 _3
F(S) = Vv132+7_(2+‘/182+ﬂ_2€8 STB 8—8728 S+?€ s
m - 2Vo 1 o —0.25 -3
= V1m[1+e 5]4—8—2[6 5 —2e Ste 5]

Q 12 2009-JULY) Find the Laplace transform of the Figure 1.31: Full wave rectifier output
waveform as shown in Figure 1.30.

f(t)
v
2 2
I/_YW\ w:27rf:i:j:1(ForsmewcweT:27T)

| T 21 3n :t T 27

Figure 1.30: Full wave rectifier output

Solution:
&) = A+ @)
m m3n . = Vsint + Vsin(t — )

0 T 21 — 1 1 —7s
U u t F(s) V82+12+82+126

(14+e77™) Vv _
- v - 14e™
f(t) Tl 32+1( +e ™)

\
mzn m 47t For complete waveform

. F(s)  F(s)
f(t) Bls) = i =1 em
1% 1
v Fy(s) = ——(1+e™)—
I/\ 3(5) Zri0 e T
T > OV e

$24+1(1—e ™)
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Chapter 1. Laplace Transform

Q 13) Find the Laplace transform of the waveform as Figure 1.33: Full wave rectifier output
shown in Figure 1.32.

f(t)
v 2 2
I/\ Y\ N\ szwfz—W:%(ForsinewaveTzQw)

Figure 1.32: Full wave rectifier output
Solution: ft) = filt)+ f2(t)
2 2 T
= Vsin—t + Vsin— <t — 2)

N N Wy

2
T T 3 5T F(s) =V A +V T e3¢
S O ey ey
2
AC) _ oy T 145
v 3T ST 32+(2%r)2( )

RY; T TU ZTU For complete waveform
2

fit/)% F3(S) = 1 f(jzst = 1 fi(i)TS

Z (1+e 2%

K T 3T 21 s ¢ F3(s) = V—TZL
— —_— il 27\ 2 _ »—Ts
2 2 2 s+ ()7 1-e
Q 14) Find the Laplace transform of the waveform as TOA 104 B ()
shown in Figure 1.34. 1Wf——— +
- 0 a T “t /50 | Tt
A
10 10 o
—10u(t —a)
> t
0 a T T+a 2T 2T+a » t
0 a T

Figure 1.34: Full wave rectifier output
Figure 1.36: Full wave rectifier output

Solution: gt) = A+ h(0)
= 10u(t) — 10u(t — a)
10 10
G(s) = ———e
90 \ 180 ’
y
— - 1 __ p,—as
10 p ( )
> For complete waveform
0 a T
. . G(s) 10 [1—e79
Figure 1.35: Full wave rectifier output F(s) = T et 5 |T_cTs
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Chapter 1. Laplace Transform

Q 15 2010-DEC) Find the Laplace transform of the waveform as shown in Figure 1.37.

\ 4

0 1 2 3 4 5 t
Figure 1.37
Solution:
By considering one cycle.
f(t)
1
>
0 1 2 t
Figure 1.38
f.(t) A u(?) f,(t)
1 + 1 1
lope = —Ir(t)
>
0 1 2 t 0 1 2t
f(t) f3(t)
1 1

1
>
0 1 2t
Figure 1.39
For complete waveform
£ = RO+ B+ ) B - FO PO
= u(t) — tult) + tu(t — 1)( ° 1—est 1—e2
1 1 1 —14e s _ (s—1+4e™)
Fls) = S-2+ 3¢ 2(2) T
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Chapter 1. Laplace Transform

Q 16 2009-JULY) Find the Laplace transform of the waveform as shown in Figure 1.40.

A
f(t)
5
4.2
0o 1 2 M 5 ¢
w2 N
Figure 1.40
Solution:
By considering one cycle.
f1(t)1\ i A
5 f,(t)
+ 1
\Zope = —ér(t)
3
> t »!
01 2 3 4 5 0 1 3 4 5

f(t) , { fa(t)
1 1
+ / slope = %r(t)

A .
»

;t » t
0 1 2 "5 0 1 2 3 4 5
A
f(t)
5
4.2 -
0 1 2 M 5
73
Figure 1.41

f(t) = filt) + f2(t) + f2(t) + fa(2)

5 5
= bu(t) — gtu(t) + gtu(t —4.2) + 2u(t — 4.2)
5 5 5 2
F - - _ Y —4.2s “ —4.2s
(5) s 32 + 352°¢ + ¢
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1.1. Solutions Chapter 1. Laplace Transform

1.1 Solutions

Q 1 2012-JUNE-7a) In the circuit shown in Figure K R
1.42 find an expression for i(¢) when the switch K is Yoy
closed at t=0. VI @ =C

ink

Figure 1.42: Example
Solution: q07)=0= q(o+) (1.1)

Figure 1.43: Example

Solution: Assuming that there is no initial charge

on the capacitor then

i(07) = 0 = i(0™) KVL for the given circuit is

KVL for the given circuit is V = Ri+ 1 / idt
c
g 1% 11 0~
S cl| s S
Taking Laplace transform on both sides 1
& Lap = I(s) [R + }
|4 Cs
5 = RI(s)+ L[sI(s) —i(07)] 1(s) Vv
§) = —
= I(s)[R+ Ls] s[R+&]
v v V 1
19 = Swmey - P
s(R+ Ls) R[s+ 57 [s + 55]
Vv 1 ) = V —t
L |s(s+R/L) i) = R°
Q 3 2014-JAN-7a) In the circuit shown in Figure 1.44
1 A B the battery voltage 10 V is applied for a steady state
s(s+ R/L) R t (s+ R/L) period with switch K is open. Obtain the expression
for the current after closing the switch K. Use laplace
transform.
1
A = ——— X 8ls= K
ST R/D) <=0 1o
= L/R 2Q
10V -[ 1H
1 .
B = ———— x(s+R/L)|s—_r/1 Figure 1.44: Example
s(s+ R/L) Solution:
= —L/R
10
i(07) = 3= i(07) (1.2)
I(s) = \4 [L/R _ L/R KVL for the given circuit is
L| s s+ R/L i
- i
VIL L _r, 10 = Ri+L—
) = —|=2-=
i(t) IR Re L ] " dt
174 P < = 1I(s) + 1[sI(s) — Li(0")]
= — —e L
R ] 10 10
P I(S)(lﬁLS)*?
Q 2) In the circuit shown in Figure 1.43 find an 10 10
expression for i(¢) when the switch K is closed at I(s)(1+s) = S + 3
t=0. Assume that there is no initial charge on the 1(s) 10 10
S =

capacitor. s(1+s) * 3(1+s)
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1.1. Solutions Chapter 1. Laplace Transform

10 _ é + B Figure 1.46: Example
s(1+3) s (I+s) Solution:
10
A = X 8‘5:0
s(1+s) i(07) =i(07) =0
= 10
1
10 Ui:Ri-f—/idt
B = 1 — C
s(1+s) X (14 8)ls=—1
= —10 )
d(t) = Ri+ C/z'dt
10 10 10
I(s) = —— +
s (I+s) 3(1+s) Taking the Laplace transform on both sides
10 6.67
I(s) = ————
S (1+5s) (s) ( )
i(t) = [10—6.67¢ YA Vils) = RI(s)+ 5 c . .
Q 4 2013-JUNE-7a) Using Laplace transform obtain 1 = RI(s) ( )
expression for the circuit shown in Figure 1.45. C §
Assume zero initial conditions. 1 = I(s) [RCSH]
1o M Cs
r‘%_mnq 1(s) Cs 10765
S = _— — -
vt ) P RCs+1]  [1076106s + 1
T T -6 S
S
Figure 1.45: Example
Solution:
B 1076(s+ 1)—1
i(07) :i(0+) =0 N s+1
e[+ 1
—1076|
V =10i + L— +C/zdt [3—1—1 3—1—1]
Taking the Laplace transform on both sides — 1076 [1 _ Jlr 1]
s
1
S = 101(s) + L[sI(s) —i(0T)] i(t) =1079[5(t) — e ']
1 [I(s 0~
r [ 0]
¢l s § Q 6 In the circuit shown in Figure 1.47 if the capacitor
1 — 10I(s) + LsI(s) + 11 is initially charged to 1 V, find an expression for i(t),
s 068 when the switch K is closed at ¢ = 0.Use Laplace
1 :
= I(s)[10 + 1035 + i] transform
S
1H
11 = I(s)[10s+ 107352 + 10%] KD 20
1 = I(s)[107%s? + 10s + +10] | |
1 i(f)) V0=V =T/ =F
I(s) = ]2
10—3s% + 10s + +10°

Figure 1.47: Example

Q 52013-JUNE-7b) For the critically related network Solution:
of the circuit shown in Figure 1.46 obtain an
expression for i(¢). Use Laplace transform.

IMQ 1

v.(t)=95(t) 1uF

When the switch K is closed
i(07) =04 120 =

Ri+ L— —I—C/zdt—O
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1.1. Solutions

Chapter 1.

Laplace Transform

Taking the Laplace transform on both sides

21(s) + L[sI(s) —i(07)] + % [I(SS) + q((;)] =0
21(s) + LsI(s)+2 [If) - i] =0
21(s) + sI(s) +2@ = %
I(s) [2 + s+ % %
s+ 82

1(s) [2+5+2 _9

I(s) =275 2+25+2

I(s) = 2grpn

i(t) =2e lsint

Q 7 In the circuit shown in Figure 1.48 the the switch
K is closed and steady state is reached. At ¢t = 0
switch K is opened. Find the expression for current
i(t) in the inductor using Laplace transform.

10Q

= 10uF

Figure 1.48: Example

Solution:
When the switch K is closed i(07) = 3¢ = 104 =
i(07) Ve(07) = 0=1V(0") ¢(07) = 0 = q(0%)
When the switch K is opened
1
di + C /idt =0
Taking the Laplace transform on both sides
: 1 [I(s) , q(07)
L[sI(s) —i(0D)] + = | —2 =
[sI(s) Z(O)“—C{s—i_ . 0
: I(s)
LsI(s) — Li(0T) + == =0
$T(s) = Li(0") + 2
I(s)
1I(s)—1 — =
(s) =10+ 157 5075
10°
I(S) |:8—|— S:| =10
I(S) = 52}&905
I(s) = %

i(t) = 10cos(10°/2)t

Q 1 2017-JAN-7a) Using Laplace method obtain the
expression for i(t). The capacitor is zero initially.

Also obtain the expression for the capacitor voltage
in S domain for the circuit shown in Figure 1.49.

_y 0.5 F 20

25(0®

4u(t)

Figure 1.49: Example

Solution:

20
45(t)

i_y 0.5F20

4u(t)

Figure 1.50: Example

1 [ee]
— dt 4 — 45(¢t
05/ + dut) — 46(¢)
0
I 1
a1(s) + 21 sty
S S

1(s) [4 + i] + [4 - 48]

S

1(s) [434—2] B |:4S—4:|
s s

4s — 4

)

ds —4  4s —4

4s+2  4ds+24s+2

4s 4

4s+2  4(s+0.5)

4s 1

4s+2 s+0.5

Q 12014-JAN-7b) In the circuit shown in Figure 1.44
solve for iy, (t) using Laplace transformation.

i, (t)

Su(t2) T

10Q

5H
i,(07)=5mA

Figure 1.51: Example

Solution:

i(07) = 5mA =

i(0h) (1.3)
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1.1. Solutions

Chapter 1. Laplace Transform

KVL for the given circuit is

di
t—2) = 10z —
Su( ) 0ip(t )+5dt
)
ge*% = 10I1(s) +5[sIp(s) —ir,(0)]
1 _,, ,
¢ I = oI (s) + [sI(s) —ip(01)]
1
;e_zs = I(s)(2+s)—5x 1073
1
I(s)(2+s) = ge—25+5>< 1073
1 5% 1073
T — —2s AN
£(s) 3(3—1—2)6 s+2
1 B
= =+
s(s+2) s (s42)
10
4 = s(s+2)xs|50
_ 1
2
B = 2)|s=—
(52 <Dl
_ !
2
1[1 1 5 x 10~
I R o 2s AN
(s) 2 s (5—1—2)] s+2
r.,—2s —2s -3
I(s) = 17e e 5 x 10
2| s (s +2) s+2
. L —2(t—2)
i(t) = 5[utt—2)—c u(t—z)]

+ 5 x 1073 2tu(t)

Q 1 2012-JUNE-7b) Find the laplace transform of the
given function f(t) =5 + 4e~ 2.

Solution:
ft) = 5+4e*
F(s) = /568tdt+/462t68tdt
0 0
SRR
0
—st o0 —(s+2)¢ ee
- 5[6 +0} 4| S 40
5 0 —(s+2) .
B §+ 4 5s+10+4s
s s+2  s(s+2)
~ 9s+10
- s(s+2)

Q 2012-DEC-7b) For the circuit shown in Figure 1.52

was in steady state before t=0. The switch opened

at t=0. Find i(t) i(¢) > 0 using Laplace transform.

K
i
1F ::/) 1Q

Figure 1.52: Example

1V—F

Solution:

When the steady state is reached the circuit is as
shown in Figure 1.53, capacitor is fully charged with
voltage v.(07) = 1V and inductor current is

Ip(07) = % =1V =i(0")

v:(07) = v.(07) = 1V

L is shorted
K
1V _ /D 1Q

Figure 1.53: Example

+

1V=

When the switch is opened the circuit is as shown
in Figure 1.54

05H

1F @ 1Q

Figure 1.54: Example

0 = 0'5dii(t /_

0 = o5‘2l(t+ / dt+C/
0 = O.5dti(t)+i(t)vc(0_ +C/o i(t)dt
1= O.Sdii(f)+i(t)+é,/oti(t)dt
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1.1. Solutions

Chapter 1. Laplace Transform

Taking the Laplace transform on both sides

1 i I(s
S = 0.5 [sI(s) —i(07)] + I(s) + i)
1 1
-4+05 = I(s) [0.55 +1+ ]
s s
1405 0.5s2 1
+0.5s I(s) [ s+ s+ ]
s s
1+0.5s 0.5[s + 2]
I(s) = =
0.5s2+s+1  0.5]2s2 4 2s + 2]
_ s+2 _ s+2
o 2s2425+2  (s+1)2+1
B s+1+1
S (s41)2+12
B s+1 1
(s 1)2412 7 (s+1)2 412
i(t) = e 'cost+e tsint
. w S
L[Slnwt] = m L[COS(JJt] = m
Llte™™] = F(S+a)

Q 12011-JUNE-7a) Find the current i(¢) when switch
K is opened at t=0 with the circuit having reached
steady state before the switching in Fig 1.55. Find
current at t=0.5 sec

100V =
} 400 i(6)

Figure 1.55: Example

Solution:

Figure 1.56: Example

At t = 07 inductor acts as a short circuit which
is as shown in Figure 1.56and the current #;(¢) = 0~
att=0" is

. 100 :
i(07) = 0 2.5A4 =4;(07)
40 Q
40 Q
S4H

Figure 1.57: Example
Applying KVL for the circuit as shown in Figure
is 1.57

di di
40i(t) + Ld—z +40i(t) = 80i(t) + 42

dt
= 41 [sI(s) —(0)] + 80I(s)
— 4sI(s) — 10 4 80I(s) = I(s)[4s + 80]
10 = I(s)[4s + 80]

I(s) 10 10 2.5
S = = =

454+ 80  4(s+ 20) s+ 20
i(t) = 2.5e72%

The current at t=0.5 sec is

i(t) = 2.5e720%05 = 1,135 x 10714

Q 1 2011-JUNE-7b) Find the current i(¢) assuming
zero initial conditions when switch K is closed at t=0.
The excitation v(t) is a pulse of magnitude of 10 V
and duration of 2 sec. Refer Figure 1.58.

K

w(t) 10 Q
A t—.O

10V + -

vt O .|. 2F
o 2
Figure 1.58: Example
Solution:

The laplace transform of the input pulse is

V(t) V(l)

A A
10 u(t
10V —() ﬂJV

————
0 2 0 2

J/ -1ov

\ 4

~10 u(t)

v(t)

A

10V

\ 4

0 2

Figure 1.59: Example

10u(t) — 10u(t — 2)
10 10

s s
_97—23
= Opoe

6—28
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1.1. Solutions

Chapter 1. Laplace Transform

Applying KVL for the circuit shown in Figurel.58

o(t) = RH—é/idt
V(s) = 10I(s)+—1(s) = I(s) (10+ —
N Cs N 2s
20s+1
= T
o (25
V(s) 2sV(s) 25V (s)
Is) = w21 = 35,51~ 30
oF s+ (s+0.05)
_ 0.1s
~ 5+0.05
0.1s 10
I — - 1 _ —2s
() s—|—0.05[8 [1-e ]]
—2s
_ 1 [1 _ 6728} _ 1 e
s+ 0.05 s+0.05 s+4+0.05
Z(t) — 670.005tu(t) o 670‘005@72)11,(1; o 2)

Q 1 2011-DEC-7c) State and prove initial value
theorem

Solution:

Initial value theorem is used to find the initial
value of z(t) at ¢ = 0 i.e., z(0) directly from the
Laplace transform X (s).

It states that if x(t) is a causal signal then

z(0) = Slg(r)lo sX(s)

Proof

L {dflit)} — sX(s) — 2(07)

Taking left hand side of the term and limit as s — oo

50 [ [0

I = lim

As s — 0o then e 5t = ()

0=sX(s)—xz(0)
z(0) = sX(s)

Q 1 2011-DEC-Tc) State and prove final value
theorem

Solution:

Final value theorem is used to find the initial
value of z(t) at t = oo i.e., z(00) directly from the
Laplace transform X (s).

It states that if x(t) is a causal signal then

lim z(t) = lim s X (s)

t—o00 s—0

Proof
The Laplace transform of %)

dt 1S

L [dflﬂ = sX(s) — 2(07)

Taking left hand side of the term and limit as s — oo

 dx(t
lim z(t)

s—o0 Jg d

- [, S e

B ° dx(t)
- /O aa
= @5 = (o) — x(0)

2(oc) ~a(0) = lim [sX(s) - 2(0)
lim [sX (s)]

§—00

e Stdt

z(o0) =
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